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Introduction

In [4], J. Krames studied a remarkable ruled surface of degree 3, whose striction
curve surprisingly turned out to be an ellipse and not a curve of degree 8 as was
to be expected from counting degrees. This, in turn, served as a motivation
for more detailed investigations on the degeneration of the striction curve of
algebraic ruled surfaces [6]; [7, p. 152ff.]. The mentioned surface is generated
by a line that traces a pencil while the plane of the pencil rotates with double
velocity about one of its lines which itself is not contained in the pencil. A sufficiently small part of this one-sided surface is frequently used as an analytical
model of the Möbius strip [8, 11].
The simple kinematic generation of Krames’s surface gives rise to a generalization using an arbitrary ratio of the involved angular velocities. The PhD
thesis [2] which was encouraged by W. Wunderlich is devoted to the study of
the spatial motion as the superposition of two proportional rotations about
skew and orthogonal axes a1 , a2 , and discusses in detail the orbits of points,
the envelopes of planes, and the ruled surfaces swept by lines undergoing this
particular motion.
Motivated by F. Hohenberg [3], who called the spatial motion obtained as
superposition of two proportional screws a “helicoidal motion”, the name “rotoidal motion” was suggested for the special case of two proportional rotations.
In technical applications, for example, it appears as relative motion of bevel
gears.
Among the rotoidal ruled surfaces, the generalizations of Krames’s surface
play an exceptional role. For the sake of brevity, they shall be called rotoidal
helicoids, since they converge towards the ordinary helicoid when the distance
of the axes as well as transmission ratio increase. Besides their self-intersections
and striction curves, the curved asymptotic lines and the flecnodal curve shall
be determined. Special attention is paid to the algebraic surfaces which occur
1

for rational transmission ratio.
The treatment of the conoidal rotoidal ruled surfaces shall be subject of a
second note.
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The rotoidal helicoids

Let a > 0 denote the distance of the two skew and orthogonal axes a1 and a2 ,
and further, let n > 0 be the transmission ratio of the two rotations1 . Choosing
the fixed axis a1 as the z-axis of a Cartesian coordinate system (0; x, y, z) and
further assuming that the initial pose of the moving axis a2 lies in the [y, z]plane, then the rotoidal helicoid Φn swept by a line g intersecting both axes
can be described by
x = (a − v cos nu) cos u, y = (a − v cos nu) sin u, z = v sin u,

(2.1)

where u is the angle of the rotation about a2 (and nu is the angle of the rotation
about a2 ) and v is the parameter on g. Here, it is assumed that a pose of g
orthogonal to a1 is chosen as the x-axis.
The v-curves (u = const.) are the straight generators g of Φn . The generators corresponding to sin nu = 0 in the [x, y]-plane (among them is the x-axis)
are axis of symmetry of the surface, and any subsequent pair encloses the angle
δ = π/n. In general (except for integers n/2), this causes a periodic shape of the
surface Φn : The part of the surface defined over the interval 0 ≤ u ≤ δ = π/n
is repeated congruently, and if n is irrational, it is even repeated infinitely. In
other words: The surface Φn is transformed into itself by rotations about the
axis a1 through angles which are integer multiples of δ = π/n.

Figure 1: Generation of rotoidal ruled surfaces
The u-curves (v − const.) represent on the surface the orbits of fixed points
1 The

case n < 0 can be transferred into the case n > 0 by reflection in a plane.

2

on g under the rotoidal motion. Except for the director circle f : x2 + y 2 =
a2 , z = 0 corresponding to v = 0, such an orbit kn – a rotoid for short – is
entirely contained in a torus with spine circle f . This torus is of ring, thorn or
spindle type, depending on whether |v| < a, |v| = a, or |v| > a. Obviously, the
rotoids have the period 2δ = 2π/n. Together with the generators they form an
orthogonal grid on the surface Φn , (Fig. 2).

Figure 2: Rotoidal helicoid Φn of degree 8 bounded by two rotoids k3 of degree
8 together with a secondary rotoid k6 of degree 14
Now, it shall be emphasized that on a rotoidal helicoid Φn there are ∞2
further rotoids k2n besides the ∞1 rotoidal point orbits kn (v = const.): They
are obtained by intersecting the surface with a torus Γ that contains the director
circle f as a parallel circle. The remaining intersection point of the generator
g ⊂ Φn traces the meridian circle of Γ during the kinematic generation with
twice the angular velocity of g 2 . Analytically, the secondary rotoids k2n can be
described by
v = 2(p cos nu + q sin nu)

with p, q = const.

(2.2)

The spine curve of the torus Γ lies in the plane z = q and has the radius a − p;
p
the meridian circle has the radius p2 + q 2 . If p = a, Γ shrinks to a sphere
through the director circle f , and the remainder of the intersection with Φn
becomes a spherical trochoid.
In the top-view (the orthogonal projection onto the [x, y]-plane) the orbit
2 Here, we should point at the limit case of an ordinary helicoid which contains besides
the ∞1 helical point orbits further ∞2 helices that can be viewed as contours or terminator
helices (of half the pitch).

3

rotoid kn (v = b = const. 6= 0) appears as the curve with the polar equation
r = a − b cos nu.

(2.3)

It is the central conchoid at distance a of the rhodonea curve r = −b cos nu,
i.e., the rhodonea curve of a special epitrochoid if n < 1 or a hypotrochoid if
n > 1 [12]. In terms of complex coordinates, one finds the representation
b
x + iy = reiu = aeiu − [e(1+n)iu + e(1−n)iu ]
2

(2.4)

from which one reads that it is a trochoid of the third order with the characteristic 1(1 − n) : 1 : (1 + n) [13]. In the exceptional case n = 1, the curve
reduces to the Pascal limaçon [12] Other parallel projections of the rotoid are
trochoids of higher order, at most of order 8. (cf. Fig. 2).
Algebraic rotoidal helicoids Φn occur if the transmission ratio n is rational.
Writing in this particular case n as a reduced fraction
n = α/β

(α, β > 0

coprime integers)

(2.5)

then the angle u = 2βπ corresponds to the angle nu = απ. This means (cf. Fig.
1) that a point P ∈ g has returned to its initial position after α rotations about
the axis a2 which has performed β rotations about the axis a1 at the same time.
The fact that a rotoid kn traced by P is closed and rational-algebraic is seen
after the reparametrization
w = eiu/β

(2.6)

of the representation 2.1, where v = b is to be assumed. Now, it reads
x=
y=
z=

1
β
−β
)[2a − b(wα
4 (w + w
i
β
−β
− 4 (w − w )[2a − b(wα
− ib2 (wα − w−α ).

+ w−α )],
+ w−α )],

(2.7)

The coordinates are rational functions depending on the new (complex) parameter w. In order to determine the degree N of the curve kn , one counts
the points of intersections with an arbitrary plane Ax + By + Cz + D = 0.
The computation of these points leads to an algebraic equation in w, where the
undetermined w appears with the powers
β, −β, α + β, −α + β, −α − β, α, −α, 0.
When we remove negative powers by multiplying the equation with wα+β , then
4

we can recognize in
N = 2(α + β)

(2.8)

the degree of the curve. The term w2(α+β) of highest degree would only vanish
if A − iB = 0, i.e., if the arbitrarily chosen plane was an a-parallel minimal
plane. From that, one can deduce that the rotoid contains the absolute points
of the [x, y]-plane. A more detailed study shows that the latter are β-fold points
of kn .
The rotoids k1/2 on Krames’s surface Φ1/2 (α = 1, β = 2) are rational sextics
(N = 6), while the secondary rotoids k1 (including their spherical special forms,
i.e., Viviani’s curve) are only of degree 4. The toroidal quartics k1 have been
studied by O. Bottema [1].
After tracing the parameter interval 0 ≤ u ≤ 2βπ, the line g generating the
rotoidal helicoid Φn has reached its initial position – for the first time if β is
odd, for the second time if β is even. In the latter case we face a one-sided
surface and all generators are already described in the interval 0 ≤ u ≤ βπ.
The fact that the closed rotoidal helicoids are rational-algebraic can be seen
from the representation in terms of Plücker coordinates. These homogeneous
line coordinates pi of a generator g (u = const.) are known to be computed as
determinants built by the homogeneous coordinates of the points v = 0 and
v = ∞ on g, which can be read off from (2.1). In that way, one finds
p1 =

− cos nu cos u,

p4 =

p2 =

− cos nu sin u,

p5 = −(a sin nu + b) cos u,

p3 =

sin nu,

p6 =

(a sin nu + b) sin u,
(2.9)

0.

Changing to a rational parametrization via the substitution (2.6) with the
parameter w proves that assertion. Moreover, the degree of the ruled surface
Φn is found by counting the intersection points with an arbitrarily chosen line.
P
This results in an equation of the form
ai pi = 0 with constant coefficients
ai . For the degree we were looking for, we find the values N (2.8), but only for
two-sided surfaces (odd β). The degree of the one-sided surfaces is only N/2.
This confirms that Krames’s surface Φ1/2 is one-sided and of degree N/2 =
3. At another occasion [5], J. Krames has considered the surface Φ1 which
he obtained as a limit of the ruled surface of normals of a ringtorus along a
loxodrome circle, if the torus shrinks towards his spine circle.
5
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Level curves, cylinder, and self intersections

Assuming that the fixed axis a1 is vertical, then the level curves of the surface
Φn in the horizontal planes z = c = const. are of special interest. According
to (2.1), they are characterized by v = c/ sin nu, and, therefore, have the polar
equation
r = a − c cot nu.

(3.1)

Thus, the level curves are central conchoids for c 6= 0 at distance a of mutually
similar “node curves” [12, p. 76]. On Krames’s surfaces Φ1/2 and Φ1 these
curves are strophoids or kappa curves (cf. Fig. 3 and Fig. 4). By the way, the
above mentioned node curves are the level curves of the director cone of Φn
which is described by a = 0 in (2.1). The generator’s spherical image (a = 0,
v = 1) is again a special trochoid on the unit sphere.

Figure 3: Krames’s surface Φ1/2 of degree 3 with level curves and a cylinder
intersection
In order to produce vivid images of rotoidal helicoids, one may bound them
by two level curves and the intersections with coaxial cylinders of revolution
(x2 + y 2 = r2 − const.) like in Fig. 3 and Fig. 4. Such a cylinder intersection
consist of two different curves for r6 = a2 characterized by
v = (a ± r)/ cos nu.

(3.2)

Since x = (a ± r) tan nu, these curves are mapped to two different tangent
6

Figure 4: Krames’s surface Φ1 of degree 4 with level curves and a cylinder
intersection
graphs once the cylinders are unfolded3 . In the algebraic case, the degree of
both components of the cylinder intersections and also that of the level curves
of the surface Φn agree.
Among the self-intersections of the surface Φn in the transcendental case
(n irrational), we find the directrix a1 and the director circle f , and both with
countable multiplicity. In the algebraic case – n = αβ rational, cf. (2.5) – f is
a multiple director circle if, and only if, β > 2, and a1 is a multiple directrix if,
and only if, α = 1 or if α = 1 and β is odd (cf. Φ1 in Fig. 4). Proper double
generators only appear in the algebraic case, namely if two opposite generators
coincide in the plane z = 0 of the director circle. This happens only with
two-sided surfaces (β odd), and then, this happens α times (Fig. 4).
Further double points of the surface Φn result in the intersection of such
generators g and g that meet the director circle in opposite points F and F ,
i.e., they correspond to parameter values u and u = u + λπ with odd λ (Fig.
5). The cylinder coordinates r, u, z of the intersection point D are subject to
the relations
z = (a − r) tan nu = (a + r) tan u

(3.3)

which yield
r=−

a sin nλπ
,
sin n(2u + λπ)

z = 2a

sin nu sin n(u + λπ)
.
sin n(2u + λπ)

(3.4)

3 In the limit case of an ordinary helicoid, the cylinder intersections have to be replaced
by the intersections with planes parallel to the axis. This also results in tangent graphs.
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Each thereby described double curve (with odd λ) lies, in general, on a certain
surface of revolution ∆ of degree 4 whose meridian is that equilateral hyperbola

Figure 5: Formation of double curves

which is generated by indirectly congruent pencils of lines with vertices F and
F in the rotation meridian plane. It is given by
(r2 − z 2 − a2 ) sin nλπ = 2rz cos nλπ.

(3.5)

As can be seen from the first equation in (3.4), such a double curve dλ appears
in the top-view as the 1/2n angle distorted lines, i.e., a so-called “Cotes’s spiral”
[12, p. 124].
In the transcendental case (n irrational) there exist countably many double
curves dλ , while in the algebraic case there are only finitely many. If cos nλπ =
0, both sheets of the surface of revolution ∆ merge to a one-sheeted hyperboloid,
and dλ is one of those algebraic helices of the elliptic space which was studied
by K. Strubecker in [9]. On the contrary, if sin nλπ = 0, then ∆ degenerates
and dλ splits into the aforementioned double generators and the directrix a1 ,
along which the surface Φn touches itself. – Fig. 3 (Krames’s surface Φ1/2 of
degree 3 with a double line d1 ) and Fig. 4 (Krames’s surface Φ1 of degree 4
with self-contact along the z-axis a1 = d2 ) may serve as illustrations.

4

Striction curve

In order to determine the striction curve of the ruled surface Φn , one first
computes the partial derivatives xu and xv of the position vector x = (x, y, z)T
of the surface point P (u, v). Now, it is favorable to change from the “fixed
system” (O; x, y, z) to the “moving system” (F ; X, Y, Z) attached to the line g
whose Z-axis coincides with the tangent of the director circle (Fig. 1). With
8

the transformation formulae
X=

(a − x cos u − y sin u) cos nu + z sin nu,

Y = −(a − x cos u − y sin u) sin nu + z cos nu,

(4.1)

Z = −x sin u + y cos u,
in which the terms involving a have to be canceled during the transformation of
the vectors xu and xv , the partial derivatives obtain the simple representations


0




xu = 

nv


,

a − v cos nu



1



 
xv =  0  .
0

(4.2)

In this way, we simply find the normal vector at P (u, v) in the moving system
as


0





n = xu × xv =  a − v cos nu  .
−n

(4.3)

Pairs P , P 0 of points on a generator g (u = const.) which are related
by orthogonal tangent planes define a projective involution P 7→ P 0 that is,
according to nn0 = 0, described by
(a − v cos nu)(a − v 0 cos nu) + n2 vv 0 = 0.

(4.4)

On (each real generator g) the (complex conjugate) fixed points of this
involution are obtained from
v = v0 =

a
cos nu ∓ in
=a 2
.
cos nu ± in
n + cos2 nu

(4.5)

From the real part, we extract the parameter value of the central point on g
v0 =

n2

a cos nu
,
+ cos2 nu

(4.6)

from the imaginary part, we find the distribution parameter measuring the
winding of the surface strip along g
d=

na
.
n2 + cos2 nu

(4.7)

Inserting v0 (4.6) into (2.1) finally delivers the striction curve s of Φn ,
traced by the central points S which is, therefore, given in terms of cylinder
9

coordinates by
r=

2n2 a
,
2n2 + 1 + cos 2nu

z=

2n2

a sin 2nu
.
+ 1 + cos 2nu

(4.8)

From that we read (by replacing 2nu with u) that the striction curve s is
the image of an ellipse se under the (1/2n)-fold axial angle distorsion about
the z-axis. One focus of the ellipse is located in the origin O. Therefore, the
striction line s lies on that ring surface of degree 4 which is generated by the
rotation of the ellipse se about the z-axis. It is easily shown that this surface of
revolution can be mapped to a ring torus under a proportional scaling of the z√
coordinates with the factor n : 1 + n2 where s̃ is mapped to a loxodrome circle
of Villarceau. From that, one infers that the striction curves of the rotoidal
helicoids are affine images of torus loxodromes. The latter were investigated by
K. Strubecker in [10]. The curves were recognized as helices in the conformal
model of the three-dimensional elliptic space and interpreted as stereographic
projections of helices in the four-dimensional Euclidean space (cf. also [15].
A kinematic generation of the torus loxodromes with the help of a Bennett
isogram was given by W. Wunderlich in [14].
In the algebraic case (n = α/β rational), the striction curve s of Φn is
naturally rational-algebraic, and with the help of the substitution (2.6), its
degree on two-sided surfaces (β odd) can be determined with

2β, ifn < 1/2,
Ns =
4α, ifn > 1/2.

(4.9)

For the one-sided surfaces (β odd), these values need to be divided by 2. In
this way, the striction ellipse of the one-sided Krames surface Φ1/2 from [4] fits
into the concept, and so does the striction curve of degree 4 on the two-sided
Krames surface Φ1 .
According to a theorem by R. Sturm [7], the degree of the striction curve of
an algebraic ruled surface equals twice the rank of the surface which gives the
number of surface tangents in a generic pencil of lines. For algebraic surfaces
Φn one finds by investigating the terminators [2] the rank of the two-sided
surfaces


4β,
ifn < 1/2,
R=
4α + 2β, ifn > 1/2;

(4.10)

for the one-sided surfaces, this value has to be halved and also the case n = 1/2
integrates. The difference between N and 2R is, according to J. Krames [7?
], explained by the correspondingly multiple splitting off of torsal rulings that
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touch the absolute conic, which can be found after the reparametrization (2.9)
with w = 0 and w = ∞.

5

Asymptotic curves

As is well-known, the asymptotic curves of a surface are characterized by the
vanishing of the second fundamental form Ldu2 + 2M dudv + N dv 2 . Its coefficients are found for the rotoidal helicoids by using the second partial derivatives
xuu , xuv , and xvv of the position vector x from (2.1) – which are again favorably
transformed into the moving system by 4.1 – and are given by the ratios
L : M : N = nxuu : nxuv : nxvv = [(a − v cos nu)2 + 2n2 v 2 ] sin nu : −na : 0.
(5.1)
We can split off the linear factor N = 0 corresponding to the family of generators u = const.. There remain the curved asymptotic lines as the solutions
of the linear differential equation Ldu + 2M dv = 0. The nearby substitution
r = a − v cos nu,

t = nu

(5.2)

turns it into
2n2 a(cos tdr − r sin tdt) + r2 (2n2 + cos2 t) sin tdt = 0.

(5.3)

The introduction of s = r cos t allows for the separation of variables, and finally,
one arrives at the solutions (in terms of cylinder coordinates r, u, z):
r=

2n2

−

2n2 a
,
nu + c cos nu

cos2

z=

a(c − cos nu) sin nu
;
2n2 − cos2 nu + c cos nu

(5.4)

where c ist a constant of integration.
The top-view of such an asymptotic curve is transformed into a trochoid
under the inversion r∗ = a2 /r in the director circle f as can be seen from the
complex representation
x∗ +it∗ = r∗ eiu =

a
[2(4n2 −1)eiu −e(1+2n)iu −e(1−2n)iu +2ce(1+n)iu +2ce(1−n)iu ].
8n2
(5.5)

In general, the latter is of order 5 if c 6= 0 and only of order 3 if c = 0 [13].
The distinguished exemplars of the asymptotic curves with c = 0 appear in
the top-view as (1/2n)-fold angle distorted conics with the focus O being the
distorsion center. With c → ∞, the curved asymptotic lines converge to the
directrix a1 (r = 0).
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In the algebraic case (n = α/β rational) one has, which was not a priori
to be expected, throughout algebraic asymptotic curves. With the substitution
(2.6), one determines the value 2 · max(2α, β) for the degree of the curves. The
asymptotic curves of the Krames surface Φ1/2 corresponding to c 6= 0 are – as
is the case with any cubic ruled surface with separated directrices – rational
quartics of the second kind; their top-views turn out to be polar reciprocal to
nephroids (epicycloids with two cusps [12, S.139]). The distinguished specimen
c = 0 reduces to the double line d1 (x + a = 0, x = z). Also at the Krames
surface Φ1 of degree 4, the curves asymptotic lines are rational quartics; their
top-views turn out to be polar reciprocals of translates of parastroids [12, p.
113 & 301].

6

Osculating quadric and flecnodal curves

As is also well-known, the ∞1 asymptotic tangents of a ruled surface Φ at the
points of a regular generator g sweep – sufficient differentiability provided – a
certain quadric Σ which osculates Φ along g [7, p. 79]. In the present case,
the direction of the asymptotic tangent at a point P (u, v) ∈ Φn is determined
according to section 5 by
du : dv = −2M : L = 2na : [(a − v cos nu)2 + 2n2 v 2 ] sin nu.

(6.1)

Within the moving frame attached to g (u = const.), the asymptotic tangent
corresponding to the point P (X = v, Y = Z = 0) can be written with the help
of the vectors xu and xv from (4.2) and reads
X = v + [(a − v cos nu)2 + 2n2 v 2 ]s sin nu,
Y =

2n2 avs,

Z=

2nas(a − v cos nu).

(6.2)

This is already a parametrization of the osculating quadric Σ whose implicit
equation is found by eliminating the parameters u and v and equals
2X(Y cos nu + nZ) − (2Y 2 + Z 2 ) sin nu = 2aY.

(6.3)

The totality of ∞1 osculating quadrics of Φn naturally contain the directrix
a1 (X cos nu − Y sin nu = a, Z = 0). The osculating quadrics along the rulings
(sin nu = 0) in the plane of the director circle are hyperbolic paraboloids, all
the others are one-sheeted hyperboloids. Without proof, we remark that the
locus of centers of the osculating quadrics of Krames’s surfaces is planar: For
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Φ1 one finds a rational sextic in the plane x = a, for Φ1/2 one finds a rational
cubic in the plane 2x + a = 0 [2].
The osculating quadric Σ along a generator g (u = const.) of Φ is intersected
by a neighboring generator g (u = u + ε) in two points, one of which is located
on the axis a1 . The other one moves to a certain limit position Q on g if
g → g (ε → 0), i.e., the so-called flecnodal point of Φn on g: At this point, the
asymptotic tangent shares instead of the usual three points even (and at least)
four infinitely close points with the surface Φn [7, p. 87]. The surface curve q
traced by the points Q is called flecnodal curve. For rotoidal helicoids, it can
be given explicitly and may, therefore, be a welcome example for this curve
which is usually intricate to determine.
For this purpose, at first the neighboring generator g corresponding to the
parameter value u = u + ε has to be represented in the moving system. In the
fixed system g is, according to 2.1, described by
x = r cos u, y = r sin u, z = (a − r) tan u
with r = a − v cos nu.

(6.4)

With the transformation 4.1, one obtains the desired representation in the
moving system:
X=

(a − r cos ε) cos nu + (a − r) tan nu sin nu,

Y =

(r cos ε − a) sin nu + (a − r) tan nu cos nu,

Z=

r sin ε.

(6.5)

Inserting these expressions into the equation 6.3 of Σ yields – after cutting out
the value r = 0 corresponding to the intersection of g with a1 – the equation
linear in r for the remaining intersection point of g with Σ:
(a − r)(n cos nε sin ε − sin nε cos ε)+
+r cos nu(1 − cos ε)(n cos nu sin ε + sin nu cos ε) =
=

2
1
2 r cos nu sin nu sin

(6.6)

ε.

From that one obtains, after some manipulations, the relation
2 sin3 (ε/2)[2n cos nu cos(ε/2) − sin nu sin(ε/2)]
a−r
=
,
r cos nu
sin nε cos ε − n cos nε sin ε

(6.7)

that allows for a simple computation of the intended limit procedure ε → 0,
which can be easily performed after expanding the denominator in series. The
result

a−r
3 cos2 nu
=
r
2(n2 − 1)
13

(6.8)

yields the following representation of the flecnodal curve q in terms of cylinder
coordinates r, u, z:
r=

4(n2 − 1)a
,
4n2 − 1 + 3 cos 2nu

z=

3a sin 2nu
.
4n2 − 1 + 3 cos 2nu

(6.9)

Apart from the two exceptional cases n = 1/2 and n = 1, where the flecnodal curve q degenerates into the double line d1 or the axis a1 , this curve can
be obtained from a conic q given by (6.9) via an (1/2n)-fold angle distorsion if
therein 2nu is replaced with u. The top-view of that conic has the numerical
excentricity 3 : |4n1 − 1|, and is, therefore, an ellipse if n > 1 and a hyperbola
if n < 1. In the first case, similar considerations like those following the kindred representation ?? of the striction curve show that the flecnodal curve is
an affine image of a torus loxodrome. In the same way, one recognizes that in
the algebraic case (n = α/β rational), the flecnodal curve is of the same degree
(4.9) as the striction curve, except in the special cases n = 1/2 and n = 1.
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Lehrbuch der darstellenden Geometrie, II. Berlin 1920.
14
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