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Preface

In 2016, the authors published the first of the two intended books about
curves and surfaces of degree two, “The Universe of Conics”. The plan
was to come up with the second volume about surfaces of degree two “as
soon as possible”.

The ulterior motive was to write two compendia containing important
geometric knowledge that seems in danger of getting lost. The curves of
degree two have been of interest to mathematicians ever since the advent
of geometry, and the ancient Greeks already had a better understanding of
them than many aspiring mathematics students nowadays. In the course
of centuries, many famous mathematicians contributed to this body of
knowledge. Just to name one of them, the ingenious Blaise Pascal

published his “Essay pour les Coniques” at the age of sixteen. The heydays
of these simplest algebraic curves might have been in the 17th century,
probably inspired by the fact that conics appear regularly in the universe
as orbits of planets and other celestial bodies. Isaac Newton used his
profound understanding of those curves when he proved Kepler’s laws,
which had only been conjectures until that point.

In the following centuries, mathematics became more advanced –
mainly through the introduction of infinitesimal calculus. Famous
mathematicians shifted their focus onto logical generalization. Carl

Friedrich Gauß, who had previously achieved fame by predicting
the re-appearance of the dwarf planet Ceres, transferred the remarkable
properties of conics into space and found wonderful examples for his fa-
mous theorems about Differential Geometry. The 19

th century (Chasles,
Dupin, Monge, Cayley, Klein, and many others) was probably the
time that saw the most advances in knowledge about the simplest alge-
braic surfaces – the quadrics.

To come back to our attempt to write compendia about conics and
quadrics: During the work on the first book, we soon figured out that
there is so much knowledge about conics that even a thousand pages
would not have been enough to cover the entire topic (the book has “only”
some 500 pages). And – alas – an additional 500 pages cannot cover the
entire body of knowledge about quadrics. Still, three years after the re-
lease of the first book, we think that we have collected a lot of theorems
that might “stay alive” by means of this compendium. Some of the theo-
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rems may even be new, although they are just the consequence of what
has been accumulated by others in the course of the time. Anyway, the
saying “Good things come to those who wait” can be applied to the result.
As probably most book writers can confirm, “it was much more work than
expected”. Eventually, however, it is very satisfying to see how essential
the surfaces of degree two are for the entire framework of mathematics
(see Figure 0.1), which is based on the profound knowledge about the
most elementary surfaces in space.

FIGURE 0.1. Hyperboloid in space – textured with space, symbolizing that
the quadrics are essential when one deals with non-Euclidean geometry, Projec-
tive Geometry, Algebraic Geometry, Differential Geometry, higher dimensional
geometry, and many other part disciplines of mathematics.
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1 Introduction

From the conics in 2-space . . .

As already mentioned in the preface, this book builds up on its prede-
cessor, “The Universe of Conics – From the ancient Greeks to 21st cen-
tury developments” (Springer Spektrum, Heidelberg, 2016). There, the
authors showed the substantial role of conics (conic sections) in many sci-
ences as well as in the whole universe. Since conics have a perfect shape,
designers and architects use “true conics” instead of “just some freeform
curve” when they deal with certain shapes. We will soon see that this also
holds for the generalization of conics in 3-space, the so-called quadrics.

Points in the Euclidean plane can be given by Cartesian (x, y)-
coordinates. Algebraically speaking, conics can be given by the equation

Ax2 +Bxy +Cy2 +Dx +Ey + F = 0.

The trivial case A = B = C = 0 has to be excluded, since then, the equation
is linear and describes a straight line. In the general case, the equation
describes the classic conics (ellipse, parabola, or hyperbola), which can
be given by five points (if F /= 0, one can divide by F and then solve
a system of linear equations with five unknowns). The curves can also
degenerate to pairs of straight lines.

© Springer-Verlag GmbH Germany, part of Springer Nature 2020
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In the algebraic sense, a conic c – a curve of degree two – always has two
points of intersection S1 and S2 with a given straight line s. They can
both be real or complex conjugate. The limiting case S1 = S2 arises when
s is a tangent of c.

Conics are also curves of class two, which means that, from each point
in the conic’s plane, we have two tangents to the conic (in the algebraic
sense). When the point lies on the conic, the tangents coincide. The set
of all points where there are no real tangents to the conic can be called the
interior of a conic. The points where the tangents are complex conjugate
and self-perpendicular are called focal points.

Depending on the number of real intersection points with the line at infin-
ity, we can distinguish three types of conics: Ellipses (no real intersection
points), parabolas (the line at infinity touches the curve) and hyperbolas
(two real intersection points).

Conics are perfectly suitable to introduce the concept of duality, where
points become straight lines and vice versa. Each theorem about conics
that only contains the terms point, straight line, to touch, and to intersect
remains true if we interchange the terms point and straight line (and vice
versa) but keep the relation of being incident. A conic considered as its
set of points and tangents is a self-dual term. The dual of a conic is still
a conic, the set of its tangent lines.

. . . to the quadrics in 3-space

In Euclidean 3-space, points can be determined by three Cartesian
(x, y, z)-coordinates. Then, a quadric can be given by the equation

Ax2 +By2 +Cz2 +Dxy +Exz +Fyz +Gx +Hy + Iz + J = 0.

Clearly, if the first six coefficients vanish, the above equation is linear
and describes just a plane in space. In the general case, the equation
describes the classic quadrics (ellipsoids, paraboloids, or hyperboloids).
If J /= 0, the above equation can be divided by J , and if we insert the
coordinates of nine points, we can solve a system of linear equations
with nine unknowns. However, quadrics can also degenerate to quadratic
cones, quadratic cylinders, and pairs of planes.

In the algebraic sense, a quadric Q is a surface of degree two that always
has two points S1 and S2 of intersection with a given straight line s
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FIGURE 1.1. An elliptic paraboloid Pe and a hyperbolic paraboloid Ph with
the implicit equations 1

9
y2± 4

9
z2+2x = 0 and the intersection with straight “test

lines” s (all with two real intersection points in the algebraic sense). Paraboloids
(not of revolution) have two planes of symmetry. Quadratic cylinders have two
planes of symmetry parallel to their generators (and infinitely many orthogonal
to the generators), while triaxial quadrics have three.

(Figure 1.1). They can both be real or complex conjugate. The limiting
case S1 = S2 arises when s is a tangent of Q.

Quadrics are also surfaces of class two, which means that, from each
point in space, we have infinitely many tangent planes to the quadric
that envelop a quadratic cone in the algebraic sense (Figure 1.2).

When the point lies on the quadric, there is a unique tangent plane. The
set of all points where there are no real tangent planes to the quadric,
can be called the interior of a quadric. The points where the tangential
cones are cones of revolution are called focal points. These cones can also
be imaginary. The set of focal points of a quadric consists of a pair of
focal conics. Such focal curves play a comparably dominant role as the
focal points of the conics, and they will appear in many theorems about
quadrics.

Depending on the intersection with the plane at infinity, we can dis-
tinguish three types of quadrics: ellipsoids (no real intersection conic),
paraboloids (the plane of infinity touches the quadric), and hyperboloids
(a real intersection conic).
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FIGURE 1.2. Since quadrics are surfaces of class two, the tangential cone from
any point is quadratic. If the point is in the interior, the cone is imaginary, and
it degenerates to the tangential plane when the point lies on the quadric.

Quadrics are perfectly suitable to introduce the concept of duality in 3-
space, where points become planes (and vice versa), and straight lines
are self-dual. Each theorem about quadrics that only contains the terms
point, straight line, plane, to touch, and to intersect remains, therefore,
true if we interchange the terms point and plane (and vice versa) but
keep the relation of being incident. A quadric considered as its set of
points together with its tangential planes is a self-dual term. The dual of
a quadric is still a quadric, the set of its tangent planes.

From a mathematician’s point of view, surfaces of degree two have, of
course, absolutely perfect shapes. Even a deviation of a permille from it
can only be called an approximation of such a surface. Strictly speaking,
quadrics are simply theoretical shapes that only appear in more or less
good approximations in arts (Figure 1.3), architecture and nature. When
we look at Figure 1.4, Barcelona might be called the “city of quadrics”.
Especially Antoni Gaudí, the most famous architect of the area, put a
great deal of effort into explaining his constructions.

In nature, ellipsoids (or, again, better approximations of them) seem to
be quite common, e.g., when we talk about egg shapes. Interestingly, the
shapes are usually formed by at least two different ellipsoids (Figure 1.5)
that fit rather well together. The more elongated the egg’s shape is, the
less likely the egg is to roll off or away – instead, it will move in circles.
This is important for birds that hatch on rocks.
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FIGURE 1.3. Aesthetic lamps “Queen Titania”, designed by Alberto Meda and
Paolo Rizzatto. The lamps are perfect ellipsoids with three axes. The aesthetics
of ellipsoids seems inspire artists.

FIGURE 1.4. Left to right: Torre Glòries (formerly called Torre Agbar) by Jean
Nouvel (upper part half of an ellipsoid); airport tower of Barcelona designed by
Bruce Fairbanks (framework of a hyperboloid); detail of the roof of the Sagrada
Familia by Antoni Gaudí (parts of a hyperboloid).

The example in Figure 1.6 shows approximations of a hyperbolic
paraboloid: It can be proven that a hyperbolic paraboloid is never a
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FIGURE 1.5. Egg shapes are often formed by at least two different ellipsoids.
The more elongated the egg’s shape is, the less likely the egg is to roll off or
away.

minimal surface, but very close to being one. Gossamers of caterpillars,
e.g., tend to converge to minimal surfaces, since they are under tension,
and therefore come close to hyperbolic paraboloids as well.

FIGURE 1.6. Left: A minimal surface (gray) can be approximated quite well by
a hyperbolic paraboloid (yellow). Right: Gossamers of caterpillars come close
to minimal surfaces, and therefore, also to hyperbolic paraboloids.
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2 Quadrics in Euclidean 3-space

Among the quadrics in E
3, the one-sheeted hyperboloids are characterized as

ruled surfaces with a center. They even carry two families of rulings and two

families of circles, provided that they are no surfaces of revolution. The picture

shows a one-sheeted hyperboloid with one regulus as well as its asymptotic cone

and the axes of symmetry.

© Springer-Verlag GmbH Germany, part of Springer Nature 2020
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To begin with, we present the different types of quadrics in Euclidean
space E

3 in an intuitive way, based on their standard equations. Con-
trary to conics, there is no way to define all quadrics simultaneously by a
metric relation such that the different properties of quadrics are easy to
achieve.1 In this section, the term quadric stands for ellipsoids (includ-
ing spheres), hyperboloids, and paraboloids. Sometimes, we use the term
regular quadric in order to emphasize the difference to singular surfaces of
degree 2 like quadratic cones and cylinders or degenerate cases like planes
or pairs of planes. It should be noted that in some literature as well as
later in Chapter 3, singular and reducible cases are also called quadrics.

A common definition for all types of quadrics will be given in Chapter 3
based on Linear Algebra. As with conics, studying quadrics in the frame-
work of Projective Geometry leads to a much deeper understanding of
their properties. This follows in Chapter 4, which also contains a uniform
definition of quadrics via polarities. However, in this approach, empty

quadrics, i.e., quadrics without real points, are also included. After the
study of conics, the reader will also expect focal properties of quadrics in
Euclidean space. This will be the goal of Section 7.1. Here we will meet
the pairs of focal conics again, but this time in quite a different setting.

Types of quadrics in Euclidean space E3

Each irreducible surface of degree two other than a cylinder or cone is
called quadric. Due to principal axis transformation, which will be dis-
cussed in Chapter 3, a Cartesian coordinate frame can be found for each
quadric such that the quadric satisfies one of the following standard equa-
tions with real constants a, b, c > 0:

From the algebraic point of view, there exists an additional standard
equation, namely

x2

a2
+
y2

b2
+
z2

c2
+ 1 = 0.

However, it cannot be satisfied by any single real point. Only in the
complex extension of E

3 this defines a quadric. Hence, it is called an
empty or an imaginary quadric.

1Only Jacobi’s focal property, presented in Theorem 2.4.3, provides a universal metric defi-
nition. A metric definition for ruled quadrics is given in Exercise 2.3.10.
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TABLE 2.1. The quadrics in Euclidean 3-space

1
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0 ellipsoid

2
x2

a2
+
y2

b2
−
z2

c2
− 1 = 0 one-sheeted hyperboloid

3
x2

a2
−
y2

b2
−
z2

c2
− 1 = 0 two-sheeted hyperboloid

4
x2

a2
+
y2

b2
− 2z = 0 elliptic paraboloid

5
x2

a2
−
y2

b2
− 2z = 0 hyperbolic paraboloid

x y

z

x

yyyyyyyyyyyyyyyyy

zzzzzzzzzzzzzzzzz

x y

z

ellipsoid - one-sheeted hyperboloid - two-sheeted hyperboloid

x y

zzzzzzzzzzzzzzzzz

x
y

z

elliptic paraboloid - hyperbolic paraboloid

FIGURE 2.1. The five types of quadrics in E
3.

All ellipsoids and hyperboloids (types 1 to 3) are symmetric with respect
to (henceforth abbreviated as w.r.t. ) each coordinate plane (see Fig-
ure 2.1, first row). Therefore, rotations through 180

○ about any coordi-
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nate axis and the reflection in the origin (x, y, z) ↦ (−x,−y,−z)map these
quadrics onto themselves. We also call them central quadrics for short.
The points of intersection with any coordinate axis are the vertices; the
curves of intersection with the planes of symmetry are the principal sec-

tions of the quadric. The constants a, b, c showing up in the standard
equations are called semiaxes.

The two paraboloids (types 4 and 5) are only symmetric w.r.t. the [x, z]-
and [y, z]-plane. Hence, only the z-axis is an axis of symmetry. Its point
of intersection with the paraboloid, the origin, is the unique vertex of the
paraboloid (Figure 2.1, second row).

The standard equations, as given above, show, on the left-hand side, a
polynomial of degree two in the unknowns x, y, and z. The second order
terms in this polynomial define a quadratic form. In the following, we
denote the corresponding polar form with σ(x1,x2). It is a symmetric
bilinear form on R

3. For example, in the case of an ellipsoid, we have

σ(x1,x2) ∶= x1x2

a2
+
y1y2

b2
+
z1z2

c2
, (2.1)

where xi = (xi, yi, zi) for i = 1,2 . Thus, the standard equation of an
ellipsoid can also be written briefly as σ(x,x) − 1 = 0.
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2.1 Ellipsoids

x y

z

E

FIGURE 2.2. Triaxial ellipsoid E with planar sections orthogonal to the axes.

The ellipsoid E with the standard equation

E ∶
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0 (2.2)

intersects the coordinate axes at the vertices Ai = (±a,0,0), Bi =
(0,±b,0), and Ci = (0,0,±c), i = 1,2 . The constants a, b, and c are
the semiaxes of E . If they are mutually different, the ellipsoid is called
triaxial. If two of them are equal, say a = b, then E is an ellipsoid of revo-

lution with the z-axis as axis of rotation. There are two types of ellipsoids
of revolution (Figure 2.3): In the case a > c, the ellipsoid is called oblate,
and otherwise prolate. Only the second type has two real focal points
(0,0,±√c2 − a2) on the axis of revolution. The ellipsoid with a = b = c is
a sphere with radius a.

Planar sections of ellipsoids

The ellipsoid E with semiaxes a, b, and c can be obtained from the unit
sphere S

2 satisfying x′2+y′2+z′2 = 1 by scaling the coordinates according
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x

y

z

xxxxxxxxxxxxxxxxx

y

z

FIGURE 2.3. An oblate (left) and a prolate (right) ellipsoid of revolution.

to

α ∶
⎛
⎜
⎝

x′
y′
z′
⎞
⎟
⎠
↦
⎛
⎜
⎝

x

y

z

⎞
⎟
⎠
=
⎛
⎜
⎝

ax′
by′
cz′
⎞
⎟
⎠
. (2.3)

This scaling defines a bijective affine transformation α, an affinity in brief.
We recall that affinities preserve parallelities between lines or planes as
well as the affine ratios of triplets of collinear points.

α
�→

FIGURE 2.4. The sections of an ellipsoid with parallel planes are homothetic.

The affinity α transforms the circles c′ on S
2 into ellipses e on E . Two

circles of S2 in parallel planes can be connected by a cone of revolution
with an axis through the origin and an apex A′. The circles are cor-
responding under a dilatation with center A′. The affinity α maps the
circles onto two ellipses on E in parallel planes and corresponding under a
dilation with center A, the α-image of A′. Therefore, the two ellipses have
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parallel major axes and parallel minor axes, the same ratio of semiaxes,
i.e., they are homothetic. Furthermore, their centers are aligned with the
origin. If one of the two circles on S

2 tends to a zero-circle, because its
plane contacts S2, the axes of the corresponding ‘zero-ellipse’ are so-called
principal curvature tangents of E . Their pre-images are parallel to conju-
gate diameters of circles. Thus, these are orthogonal lines which remain
orthogonal under α. We will meet principal curvature tangents again in
the Chapters 7, 8, and 9).

Is it possible that a planar section of a triaxial E with semiaxes a > b > c
is a circle, i.e., a circular section of the ellipsoid?

Theorem 2.1.1 There are only two sets of parallel planes which intersect

the triaxial ellipsoid E with semiaxes a > b > c along circles. For the

ellipsoid with the standard equation (2.2), these planes are parallel to the

y-axis and the tangent plane at one of the four umbilical points of E.

UUUUUUUUUUUUUUUUU

FIGURE 2.5. Triaxial ellipsoids carry two families of circular sections, including
zero-circles at the four umbilical points.

Proof: We obtain the circular sections by looking for the intersection between E and the
concentric sphere S with radius b. Points of this curve of intersection must also satisfy the

difference of the respective equations, i.e.,

(x2

b2
+ y2

b2
+ z2

b2
− 1) − (x2

a2
+ y2

b2
+ z2

c2
− 1) = 0,

which can be decomposed into a product of two linear forms

⎛
⎝
√
a2 − b2
ab

x +
√
b2 − c2
bc

z
⎞
⎠
⎛
⎝
√
a2 − b2
ab

x −
√
b2 − c2
bc

z
⎞
⎠ = 0. (2.4)
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Hence, common points of E and the sphere S belong to at least one of these two planes through
the y-axis (Figure 2.6).

Conversely, each point which is located in one of these planes and also on the sphere S satisfies
the equation of E. Thus, we have found two circles centered at the origin and completely placed

on E. In addition, all planes parallel to one of these diameter planes and sufficiently close to
the origin intersect E along circles, too. The centers of zero-circles included in these sets are

the so-called umbilical points of E (note point U in Figures 2.5 and 2.6) with coordinates

⎛
⎝±a
√
a2 − b2√
a2 − c2 , 0, ±c

√
b2 − c2√
a2 − c2

⎞
⎠ . (2.5)

At these points, each tangent line is a principal curvature tangent.

E

S

U

x y

z

FIGURE 2.6. The intersection between the blue ellipsoid E and the pink sphere
S splits into two circles. U is an umbilical point of E .

If we intersect E with a concentric sphere with radius a or c, the difference of the related

equations is reducible only in the complex extension of E3.
Suppose there is another circle on the triaxial ellipsoid E. Then, after translating its plane
through the origin, we obtain a circle with radius r centered at the origin. This circle is the

equator of a sphere with radius r ≠ b. However, this sphere can never share a circle with
the ellipsoid E, since, after the elimination of the y-coordinate from the related equations, we
obtain the equation

a2 − b2
a2

x2 − b2 − c2
c2

z2 + b2 − r2 = 0
of a hyperbola in the [x, z]-plane which can never be an orthogonal view of a circle. ◾

Obviously, on an ellipsoid of revolution, the only circular sections are
those in planes orthogonal to the axis of revolution, the so-called parallel

circles of the surface.
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An oblate ellipsoid E of revolution serves as a mathematical standard
model of the Earth.2 Figure 2.7 illustrates (to an exaggerated degree) a
remarkable difference to a sphere model: The shortest connection of two
points A,B on a sphere follows the connecting great circle. It lies in the
plane which is uniquely defined by A and B, provided that they are no
antipodes. This plane is orthogonal to the sphere at A and at B.

Quite contrary, for the ellipsoid E , the surface normals nA and nB at
points A,B on different parallel circles and meridians are skew. Conse-
quently, a plane through A and B cannot be simultaneously orthogonal
to E at A and B. The geodesic line as the shortest connection on E of A
and B is no longer a planar section. We recall that geodesics on a surface
are either straight line segments or at each point the osculating plane is
orthogonal to the surface. A particular characterization of geodesics on
quadrics will be presented in Theorem 7.1.4; note also Section 9.6.

A

B

nA

nB

E

FIGURE 2.7. The normals nA, nB to the ellipsoid E at the points A,B are skew.
The red geodesic connecting A and B lies between the blue and green planar
sections through A and B, orthogonal to E either at A or at B.

2In WGS 84, the World Geodetic System, the meridians of the reference ellipsoid have the
semiaxes a = 6378.137 km and b = 6356.752 km. However, the geoid, which is everywhere

orthogonal to the force of gravity, deviates up to ±100m from this ellipsoid.
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Remark 2.1.1 Suppose the points A and B are mountain tops, and one places a well-calibrated
theodolite at A with the sight axis directed towards B. When the inclination of the sight axis
is modified, it hits the ground along a curve in a plane which is vertical at A. This path seems

to be ‘straight’, and therefore the shortest from A to B. However, as illustrated in Figure 2.7,
we obtain a different path when looking from B towards A, and it deviates from the geodesic

connection.

Tangent cones of ellipsoids

Let us return to the affinity α in (2.3) between the unit sphere S
2 and the

ellipsoid E . This affinity maps tangent planes of S2 to tangent planes of
E . Therefore, the tangent plane τP to E at the point P ∈ E with position
vector p = (xP , yP , zP ) satisfies, by virtue of (2.1), the linear equation

σ(p,x) − 1 = xP

a2
x +

yP

b2
y +

zP

c2
z − 1 = 0, (2.6)

where x = (x, y, z). In other words, if we rewrite this equation as

ux + vy +wz − 1 = 0, (2.7)

the coefficients (u, v,w) must satisfy

a2u2 + b2v2 + c2w2 − 1 = 0. (2.8)

This is called the dual equation or tangential equation of the ellipsoid.
The Hesse normal form of τP reveals that 1/√u2 + v2 +w2 is the distance
between τP and the center M of E .

By the same token, the dual equation even makes sense when one semiaxis
of the ellipsoid E tends to zero and E becomes an elliptic disk. In the case
c = 0, we obtain an ellipse in the plane z = 0 with semiaxes a and b, and
the remaining equation a2u2 + b2v2 − 1 = 0 means that the plane with
coefficients (u, v,w) passes through a tangent line of this ellipse.

The affine transformation α maps pairs of orthogonal diameters of the
sphere S

2 onto a pair of conjugate diameters of the ellipsoid E . Their
direction vectors d1 and d2 satisfy

σ(d1, d2) = 0. (2.9)

Three mutually orthogonal diameters of S2 are transferred onto a triplet of

conjugate diameters of E . They have the property that the tangent planes
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at the endpoints of each diameter are parallel to the plane spanned by
the other two diameters.

We follow the usual notation and already call the segment MP , bounded
by the center M and any point P ∈ E , a diameter or diameter segment of
E , though it is obviously only half of a diameter. In case of ambiguities,
the full line [M,P ] is called a diameter line of E .

Theorem 2.1.2 If P1, P2, and P3 are the endpoints of three mutually

conjugate diameters of the ellipsoid E with center M and semiaxes a, b,

and c, then the lengths of the three diameters satisfy

MP1
2
+MP2

2
+MP3

2
= a2 + b2 + c2.

The parallelepiped spanned by the vectors
��→

MP1,
��→

MP2,
��→

MP3 has the con-

stant volume abc.

Proof: We still use the coordinate frame of (2.2) and the axial scaling α of (2.3). We write
the coordinates (xi, yi, zi) of the endpoints Pi, i = 1,2,3 , as column vectors in a 3 × 3-matrix
P and obtain

P = ⎛⎜
⎝

x1 x2 x3

y1 y2 y3
z1 z2 z3

⎞
⎟
⎠
= ⎛⎜
⎝

ax′
1

ax′
2

ax′
3

by′
1

by′
2

by′
3

cz′
1

cz′
2

cz′
3

⎞
⎟
⎠
=DP

′,

where the matrix D is the diagonal matrix diag(a, b, c) and matrix P
′ is orthogonal. Since

the row-vectors in P
′ also have unit length, we obtain

MP1

2 +MP2

2 +MP3

2 = (x2

1 + y21 + z21) + ⋅ ⋅ ⋅ + (x2

3 + y
2

3 + z
2

3) = a2 + b2 + c2
as the squared Frobenius norm of the matrices P =DP

′, i.e., as the sum of the squared entries.
The proof of the final statement in Theorem 2.1.2 is left as an exercise (Exercise 2.1.1). ◾

Remark 2.1.2 An ellipsoid E is uniquely defined by its center and the endpoints of a triplet of
conjugate diameters. This is a consequence of principal axis transformation, which is discussed

in Chapter 3. However, there is no ruler-and-compass construction which could serve as an
analogue to Rytz construction [46, p. 358]. Principal axis transformation needs the eigenvalues
of a 3×3-matrix, i.e., the roots of a cubic polynomial, which cannot be determined graphically

with ruler and compass, in general. Note the construction of Chasles and further discussions
in [61].

The affinity α maps the right cone or cylinder which contacts the unit
sphere S

2 along a circle c′ onto a quadratic cone or elliptic cylinder, which
is tangent to E along the ellipse c. Conversely, we learn from α: When
looking for planes tangent to E and passing through a given point Q in the
exterior of E or being parallel to a given direction, we obtain a quadratic
cone or an elliptic cylinder, and the contact points form an ellipse c ⊂ E .
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of the vector space R
n. In the case d = dimU, the affine subspace u+U is

called d-dimensional. Two affine subspaces Ai = ui+Ui, i = 1,2 are called
totally orthogonal if any two vectors v1 ∈U1 and v2 ∈U2 are orthogonal.

The one-dimensional affine subspaces are called lines, those of dimension
two are called planes. Affine subspaces of dimension zero are points. In-
stead of the point {a}, we write point a for short. At the beginning, it
might be confusing that points and vectors are denoted in the same way.
However, in most of the cases it will be clear what is meant. We usu-
ally prefer the symbols a,c, . . . ,p,x for points and b,u,v, . . . for vectors.
Sometimes, we speak of the position vector a of the point A in order to
avoid any confusion with a direction vector of a line.

In order to define a Cartesian coordinate frame in E
n, we have to specify

an orthonormal basis B = (b1,b2, . . . ,bn) of R
n and a point o as the

origin. Then, the point X with position vector

x = o + x1b1 + ⋅ ⋅ ⋅ + xnbn

receives the Cartesian coordinates (x1, . . . , xn) w.r.t. the coordinate frame(o;B). We often write X = (x1, . . . , xn) for short and call the column vec-
tor x = (x1, . . . , xn) the coordinate vector of X w.r.t. (o;B), occasionally
denoted by x(o;B). In this sense, the original position vector x of X is
the coordinate vector w.r.t. the canonical coordinate frame in R

n with
the zero-vector 0 = (0, . . . ,0) as origin and the vectors e1 = (1,0, . . . ,0),
. . . , en = (0, . . . ,0,1) of the canonical basis E of Rn.

If we replace the coordinate frame (o;B) by another coordinate frame(o′;B′), then the original coordinates (x1, . . . , xn) of point X have to be
replaced by new coordinates (x′1, . . . , x′n) such that

o + x1b1 + ⋅ ⋅ ⋅ + xnbn = o
′ + x′1b

′

1 + ⋅ ⋅ ⋅ + x
′

nb
′

n.

Each new basis vector b′i can be expressed as a linear combination of the
original basis vectors as b′i = t1i b1 + ⋅ ⋅ ⋅ + tnibn with certain coefficients
tji ∈ R. Furthermore, we can set o′ − o = t1b1 + ⋅ ⋅ ⋅ + tnbn. Then, the
comparison of coefficients yields

⎛⎜⎝
x1
⋮
xn

⎞⎟⎠ =
⎛⎜⎝
t1
⋮
tn

⎞⎟⎠ +
⎛⎜⎝
t11 . . . t1n
⋮ ⋮

tn1 . . . tnn

⎞⎟⎠
⎛⎜⎝
x′1
⋮
x′n

⎞⎟⎠ ,
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or, in matrix form, as the relation between the new coordinate vector and
the original one for each point X ∈ En,

x(o;B) = t +TB′

B x(o′,B′). (3.2)

We note that the vector t contains the coordinates of the new origin o′

w.r.t. the original coordinate frame (o,B), i.e., t = o′(o;B). Similarily, the

columns in the n × n transformation matrix TB′

B consist of the original
B-coordinates of the new basis vectors b′1, . . . ,b

′

n. Therefore, the column
vectors are linearly independent, and furthermore, they are mutually or-
thogonal unit vectors. Thus, the transformation matrix is orthogonal,

which means that (TB′

B )−1 = (TB′

B )T.

Sometimes, it is useful to combine the column vector t and the orthogonal
n × n matrix TB′

B in a single (n + 1) × (n + 1) matrix of the form

TB′∗
B =

⎛
⎝
1 0T

t TB′

B

⎞
⎠ =
⎛⎜⎜⎜⎝

1 0 0 0

t1 t11 . . . t1n
⋮ ⋮ ⋮
tn tn1 . . . tnn

⎞⎟⎟⎟⎠
.

We call TB′∗
B the extended transformation matrix. This matrix is again

invertible. If we also extend the coordinate vectors x(o;B) ∈ Rn of the
points X to vectors x∗(o;B) ∈ Rn+1 by inserting 1 in the first row, we obtain
the extended matrix representation of the coordinate transformation

x∗(o;B) = ( 1

x(o;B) ) = (
1 0T

t TB′

B

)( 1

x(o′;B′) ) = TB′∗
B x∗(o′;B′). (3.3)

The advantage of this representation becomes apparent when different co-
ordinate transformations have to be applied repeatedly. Then, the trans-
formation matrix of the composition is just the product of the extended
matrices of the single transformations. Moreover, the inversion of a coor-
dinate transformation is more transparent.

Quadratic functions

In Linear Algebra, a bilinear form on any vector space V over the sym-
metric field F is defined as a mapping

σ ∶ V ×V → F, (u,v) ↦ σ(u,v)
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which satisfies, for all u,u′,v,v′ ∈V and λ ∈ F,

σ(u +u′,v) = σ(u,v) + σ(u′,v), σ(u,v + v′) = σ(u,v) + σ(u,v′),
σ(λu,v) = λσ(u,v), σ(u, λv) = λσ(u,v).

A bilinear form σ which satisfies σ(v,u) = σ(u,v) for all u,v ∈V is called
symmetric.

When the bilinear form is restricted to the case v = u, we obtain a
quadratic form

̺ ∶ V → F, u ↦ ̺(u) = σ(u,u).
It satisfies

̺(u + v) = σ(u + v, u + v)
= σ(u, u) + σ(v, v) + σ(u,v) + σ(v,u)
= ̺(u) + ̺(v) + σ′(u,v) (3.4)

with σ′(u,v) = σ(u,v)+σ(v,u) as a symmetric bilinear form. Conversely,
this can be used for defining a quadratic form ̺ over the vector space V,
independently from any bilinear form, as a map ̺ ∶ V → F which firstly
satisfies ̺(λu) = λ2̺(u) and where secondly the mapping

σ̃ ∶ (u,v) ↦ ̺(u + v) − ̺(u) − ̺(v)
is a bilinear form, and symmetric by definition. The restriction of σ̃ to
the case v = u is a quadratic form ̺̃with

̺̃(u) = ̺(2u) − 2̺(u) = 2̺(u).
From now on we exclude the case that the field F is of characteristic 2.
Then, we can state that for each quadratic form ̺ there exists a symmetric
bilinear form

σ1 =
1

2
σ̃ ∶ (u,v) ↦ 1

2
[̺(u + v) − ̺(u) − ̺(v)] ,

which yields again ̺, when restricted to v = u. This bilinear form is
called a polar form of ̺. It is easy to show that σ1 is unique, because from
σ2(u,u) = σ1(u,u) for all u ∈V follows σ1(u+v, u+v) = σ2(u+v, u+v),
and hence,

σ1(u,u) + 2σ1(u,v) + σ1(v,v) = σ2(u,u) + 2σ2(u,v) + σ2(v,v)
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and, consequently, σ1(u,v) = σ2(u,v).
Now, we combine a quadratic form ̺ with a linear form ϕ ∶ V → F and
add a constant a ∈ F. This results in the mapping

ψ ∶ V → F, x ↦ ψ(x) = ̺(x) + 2ϕ(x) + a,
which we call a quadratic function on V. We will see that it makes sense
to understand quadratic functions on R

n as mappings of points into R,
where ψ(X) = ψ(x), provided that x is the position vector of point X.

Let us return to the Euclidean n-space, i.e., to the case F = R and
V = R

n, equipped with a Cartesian coordinate frame (o;B) where
B = (b1, . . . ,bn) is a basis of R

n. In order to express ψ(X) in terms
of the (o;B)-coordinates (x1, . . . , xn) of the point X, we recall that the
basis B assigns to the polar form σ of the quadratic form ̺ a symmetric
matrix

A =
⎛⎜⎝
a11 ⋯ a1n
⋮ ⋮

an1 ⋯ ann

⎞⎟⎠ with aij = σ(bi,bj) = aji,
and hence,

̺(x1b1 + ⋅ ⋅ ⋅ + xnbn) = n

∑
i=1

aiix
2
i + 2

n−1

∑
i=1

n

∑
j=i+1

aijxixj.

Analogously, the basis B assigns to the linear form ϕ the row vector

aT = (a1, . . . , an) , where ai = ϕ(bi),
and hence,

ϕ(x1b1 + ⋅ ⋅ ⋅ + xnbn) = n

∑
i=1

aixi.

However, we must also pay attention to the origin o of our coordinate
frame (o;B). Since the coordinate vector (x1, . . . , xn) of the point X

w.r.t. (o;B) originates from the representation x = o + x1b1 + ⋅ ⋅ ⋅ + xnbn,
we take (3.4) into account, which yields

̺(o + n

∑
i

xibi) = ̺( n

∑
i

xibi,
n

∑
i

xibi) + σ (o, n

∑
i

xibi) + ̺(o).
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On the right-hand side, we have, beside the quadratic form, a linear
form and a constant. This shows that the choice of the origin affects the
vector aT of the linear form as well as the constant a in the coordinate
representation of the given quadratic function ψ. Only the matrix A,
which represents the corresponding quadratic form, remains unchanged.

The same can be concluded from the matrix representation of quadratic
functions, as shown below. This representation is based on a fixed Carte-
sian coordinate frame (o;B), which assigns to the points X of the Eu-
clidean n-space the coordinates (x1, . . . , xn). For the sake of brevity, we
denote the column vectors x(o;B) of coordinates by x only, but we will
not forget that they depend on the choice of the coordinate frame. Thus,
we can set up any given quadratic function ψ ∶ Rn

→ R in matrix form as

ψ(X) = xTAx + 2aTx + a =

= (x1, . . . , xn)⎛⎜⎝
a11 ⋯ a1n
⋮ ⋮

an1 ⋯ ann

⎞⎟⎠
⎛⎜⎝
x1
⋮
xn

⎞⎟⎠ + 2(a1, . . . , an)
⎛⎜⎝
x1
⋮
xn

⎞⎟⎠ + a
(3.5)

with a symmetric matrix A ∈ Rn×n, a vector a ∈ Rn, and an additional
constant a ∈ R, which is the image ψ(o) of the origin of the underlying
coordinate frame. It is easy to see that the explicit form of the polynomial
on the right-hand side is exactly the same as the one written on the
left-hand side in the quadric’s equation (3.1), shown at the beginning of
this chapter. According to our definition, even the zero-function with
ψ(X) = 0 for all points X is a quadratic function.

Sometimes, it is advantageous to combine the n2 coefficients aij of A with
the n components (a1, . . . , an) of the row vector aT and the constant a

in a symmetric (n + 1) × (n + 1) matrix in the form

A∗ = ( a aT

a A
) =
⎛⎜⎜⎜⎝

a a1 . . . an
a1 a11 . . . a1n
⋮ ⋮ ⋮
an an1 . . . ann

⎞⎟⎟⎟⎠
.

We call this symmetric matrix A∗ ∈ R
(n+1)×(n+1) the extended (o;B)-

matrix of the quadratic function ψ. If we also use the extended coordinate
vectors x∗ ∈ R

n+1 of points X, as introduced in (3.3), we obtain the
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extended matrix representation of the quadratic function as follows:

ψ(X) = x∗TA x∗ = (1, x1, . . . , xn)
⎛⎜⎜⎜⎝

a a1 . . . an
a1 a11 . . . a1n
⋮ ⋮ ⋮
an an1 . . . ann

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1

x1
⋮
xn

⎞⎟⎟⎟⎠
. (3.6)

◾ Example 3.1.1 Extended matrix of a quadratic function.

The quadratic function ψ ∶ R3
→ R, given in canonical coordinates, with

ψ(x) = 2x2

1 − x
2

2 + 4x1x3 − 6x2 − 2x3 + 5

can be written in matrix form as

ψ(x) = (x1, x2, x3)⎛⎜⎝
2 0 2

0 −1 0

2 0 0

⎞⎟⎠
⎛⎜⎝
x1

x2

x3

⎞⎟⎠ + (0, −6, −2)
⎛⎜⎝
x1

x2

x3

⎞⎟⎠ + 5.
Therefore, the extended matrix of ψ w.r.t. the canonical coordinate frame is

A
∗
=

⎛⎜⎜⎜⎜⎝
5 0 −3 −1

0 2 0 2

−3 0 −1 0

−1 2 0 0

⎞⎟⎟⎟⎟⎠
.

Definition 3.1.1 If ψ ∶ Rn
→ R is a quadratic function other than the

zero-function, then the set of zeros

Q(ψ) = ψ−1(0) = {x ∣ ψ(x) = 0}
is called a quadric of the Euclidean n-space E

n.

When the condition ψ(x) = 0 is expressed in Cartesian coordinates, we call
this the equation of Q(ψ) w.r.t. the underlying coordinate frame (o;B).
In the case of the canonical coordinate frame, we speak of the canonical

equation.

◾ Example 3.1.2 Selected quadrics.

1. In E
2, the quadric given by the canonical equation x2

1
+ x2

2
− 1 = 0 is the unit circle. In E

3,
the same equation defines a circular cylinder of revolution.

2. In E
2, the equation x2

1
−x2

2
= 0 defines the pair of lines x1±x2 = 0. In E3, the same equation

describes a pair of planes intersecting in the x3-axis.

3. The set of zeros of ψ(x) = x2

1
in E

2 is a single line, namely the x2-axis x1 = 0, but with
multiplicity two in the language of algebraic geometry.

4. In the case ψ(x) = x2

1
+ x2

2
, the quadric Q(ψ) in E

2 consists of a single point, the origin of
the cooordinate frame. In the complex extension, we obtain a pair of conjugate complex lines
x1 ± ix2 = 0. In E

3, the equation ψ(x) = 0 defines a pair complex conjugate planes through
the (real) x3-axis.
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These examples reveal that the quadratic function ψ determines the
quadric Q(ψ) uniquely. In the converse direction, this does not hold.
For example, the two quadratic functions ψ1 and ψ2 with the canonical
representations

ψ1(x) = x21 + x22 and ψ2(x) = 2x21 + x22
share the sets of zeros Q(ψ1) = Q(ψ2) = {o} in E

2. However, if we extend
the underlying field R to C, then the quadric defines the corresponding
function uniquely, up to a scaling factor, except for the case that ψ(x) is
the square of a linear function, since the sets of zeros of ψ1(x) = x1 and
ψ2(x) = x21 are the same.

Simplifying quadratic functions by coordinate transformations

Our goal is to classify the quadrics in E
n. We achieve this by developing

an algorithm which modifies the given coordinate frame in such a way
that the given quadratic function is transformed into a normal form.

◾ Example 3.1.3 An ellipse and the normal form of its equation.

The quadratic function ψ ∶ E2
→ R with the canonical representation

ψ(x) = 9x2

1 − 4x1x2 + 6x
2

2 − 32x1 − 4x2 + 24

defines as its set of zeros Q(ψ) an ellipse with the semiaxes
√
2 and 1 (Figure 3.1). This

follows from a transformation to an appropriate coordinate frame, where the new coordinates(x′
1
, x′

2
) are related to the original coordinates by

( x′
1

x′
2

) = 1√
5
(−3
−4
) + 1√

5
( 2 −1

1 2
)( x1

x2

)
(compare with (3.2)). Then, the set Q(ψ) satisfies the equation

x′21 +
1

2
x′22 − 1 = 0,

which is written in normal form.

We can confirm this by straight forward computation. First, we look for the inverse coordinate
transformation. Since the transformation matrix is orthogonal, we obtain this by transposition:

( x1

x2

) = 1√
5
( 2 1

−1 2
)( x′1 + 3/√5

x′
2
+ 4/√5

) = ( 2
1
) + 1√

5
( 2 1

−1 2
)( x′1

x′
2

) .
We plug this into the given quadratic function ψ(x) and obtain, after some computations, the
new equation.

Let us analyse how a transformation of coordinates, by virtue of (3.2),
affects the matrix representation (3.5) of a quadratic form. For the sake
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x1

x2

o

x′
1

x′
2

o′

Q(ψ)

FIGURE 3.1. The quadric with the canonical equation 9x2

1
− 4x1x2 + 6x2

2

−32x1 − 4x2 + 24 = 0 is an ellipse with the semiaxes
√
2 and 1.

of brevity, we write temporarily x, x′, and T instead of x(o;B), x(o′;B′)
and TB′

B , respectively. When plugging x = t +Tx′ into

ψ(X) = xTAx + 2aTx + a,

we obtain

ψ(X) = (tT + x′TTT)A(t +Tx′) + 2aT(t +Tx′) + a
= x′T(TTAT)x′ + (tTATx′ + x′TTTAt + 2aTTx′)
+ (tTAt + 2aTt + a) .

In the second row, the term which is linear in x′ can still be modified.
Because of AT =A, the real number x′TTTAt can be rewritten as

x′TTTAt = (x′TTTAt)T = tTATx′.

Thus, the linear term is

2 tTATx′ + 2aTTx′ = 2 (tTA + aT)Tx′.

Lemma 3.1.1 When the Cartesian coordinate frame (o;B) is replaced

by (o′;B′), where x(o;B) = t +Tx′(o′;B′), then the quadratic function ψ,

represented as ψ(X) = xT(o;B)Ax(o;B)+2aTx(o;B)+a , gets the new matrix

representation

ψ(X) = xT(o′;B′)A′x(o′;B′) + 2a′Tx(o′;B′) + a′
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where
A′ = TTAT,

a′ = TT (At + a) ,
a′ = tTAt + 2aTt + a = ψ(o′). (3.7)

The transformation shown above becomes more transparent when ex-
tended matrices are used. The substitution

x∗ = ( 1
x
) = ( 1 0T

t T
) ( 1

x′
) = T∗x′∗

in (3.6) transforms x∗TA∗ x∗ into

x′∗TA′∗ x′∗, where A′∗ = T∗TA∗T∗.

Now we start with the simplification of the quadric’s equation w.r.t. a
given Cartesian coordinate frame (o;B),

xTAx + 2aTx + a = 0,

by an appropriate choice of a new basis B′ and a new origin o′. We
proceed in two steps.

Step 1: We diagonalize the polar form of the corresponding quadratic
form. In this way, we can eliminate all mixed terms aijxixj (i ≠ j) in the
quadrics equation (3.1).

A well-known theorem from Linear Algebra states that, for each symmet-
ric bilinear form σ over R

n, there exists an orthonormal basis B′ such
that σ(b′i,b′j) = 0 for all (i, j) with i ≠ j. With respect to the given basis
B, the vectors b′i are eigenvectors of the representing matrix A = (aij)
with aij = σ(bi,bj). We recall that if b′i is an eigenvector of A with
eigenvalue λi, then

Ab′i = λib
′

i.

Therefore, for all i, j ∈ {1, . . . , n},
σ(b′i,b′j) = b′Ti Ab′j = λj (b′Ti b′j) = λj ⟨b′i,b′j⟩

= (ATb′i)Tb′j = λib
′T
i b′j = λi ⟨b′i,b′j⟩ .

This implies



georg.glaeser@uni-ak.ac.at

102 Chapter 3: Cubic and quartic space curves

● σ(b′i,b′i) = λi∥b′i∥2 = λi, and

● in the case λi ≠ λj , ⟨b′i,b′j⟩ = 0, which means that the vectors b′i and
b′j are orthogonal.

Thus, we obtain the transformation matrix

TB′

B = (b′1 . . . b′n)
with the B-coordinates of the eigenvectors b′1, . . . ,b

′

n as column vectors,
which transforms the matrix A representing σ w.r.t. B into the new ma-
trix

A′ =
⎛⎜⎝
λ1 0

⋱
0 λn

⎞⎟⎠ ,
in diagonal form. We write A′ = diag(λ1, . . . , λn) for short.

Another result from Linear Algebra states that, for symmetric bilinear
forms over R

n, the eigenvalues show the same distribution of signs, re-
gardless of the used basis B. If we have p positive eigenvalues and σ has
the rank r, then there are r − p negative eigenvalues, and 0 is an (n − r)-
fold eigenvalue. We call the triple (p, r − p, n − r) the signature1 of the
symmetric bilinear form σ and of its representing matrices.

We reorder the eigenvalues with the corresponding vectors of our new ba-
sis B′ such that we have p positive eigenvalues at the beginning, followed
by r − p negative eigenvalues, and finally n − r zeros. Furthermore, we
replace the positive eigenvalues λi by 1/α2

i and the negative ones with
−1/α2

i , where αi > 0. As a result, the quadratic terms in the equation of
Q(ψ) obtain the form

x′TA′ x′ = λ1x
′2
1 + ⋯ + λrx

′2
r =

x′21
α2
1

+ ⋅ ⋅ ⋅ +
x′2p

α2
p

−
x′2p+1

α2
p+1

− ⋅ ⋅ ⋅ −
x′2r
α2
r

,

where 0 ≤ p ≤ r = rk(A) ≤ n.

Elimination of linear terms in the quadric’s equation

We continue to simplify the coordinate representation of a given quadratic
function ψ on R

n. We learned already that the modification of the origin

1In the literature, often the pair (p, r−p) of natural numbers is called signature of σ, and also
the symbol (+ ⋅ ⋅ ⋅ + − ⋅ ⋅ ⋅ −) with p plus and r − p minus signs can be found.
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does not affect the quadratic form, which is included in ψ. This means
that we will not alter the diagonalization of the bilinear form σ, when we
modify the origin such that most of the linear terms aixi in the equation
of Q(ψ) will vanish. Hence, before we start with Step 2, we assume that
in the equation w.r.t. (o;B),

xTAx + 2aTx + a = 0

with a ≠ 0, we have already a diagonal matrix A = diag(λ1, . . . , λn),
where λi = 1/α2

i for i = 1, . . . , p , λi = −1/α2
i for i = p+ 1, . . . , r , and finally

λi = 0 for i = r + 1, . . . , n .

Step 2: In order to eliminate the linear terms, our goal is to obtain
a new Cartesian coordinate frame (o′;B) where the vector a′ vanishes.
By virtue of (3.7), we have a′ = TT (At + a). Since the transforma-
tion matrix T is invertible, it is necessary and sufficient that the (o;B)-
coordinates of the new origin o′, i.e., the vector t = o′(o;B), fulfills the
system of n inhomogeneous linear equations

At = −a (3.8)

There are two cases to distinguish.

Case 2a: The system (3.8) is solvable:

In this case the rank of the matrix A must not increase if we extend the
matrix A by the column −a to a matrix ∈ Rn×(n+1). Consequently,

rk(A′ ∣a) = rk(A) = r,
hence, ar+1 = ⋅ ⋅ ⋅ = an = 0, provided that r < n. Each vector m which satis-
fies (3.8) is the position vector w.r.t. (o;B) of a center of the quadric. The
space of centers is (n − r)-dimensional and called center space. Quadrics
with a center are called central quadrics.

In the Cartesian coordinate frame (m;B) the equation of the quadric
Q(ψ) has the form

x′ 2
1

α2

1

+ ⋅ ⋅ ⋅ +
x′ 2
p

α2
p

−
x′ 2
p+1

α2

p+1

− ⋅ ⋅ ⋅ −
x′ 2
r

α2
r

+ a′ = 0. (3.9)

The set Q(ψ) of points with coordinate vectors satisfying this equation
will not change if we multiply the equation with any factor other than
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0. In the case a′ ≠ 0, we multiply with −1/a′ which yields the constant
−1. In the case a′ = 0, we can assume that p ≥ r − p, i.e., there are at
least as many positive summands as negative ones, since otherwise we can
multiply the equation with −1.

In our simplified equation (3.9), only the squares of the (m;B)-
coordinates x′1, . . . , x

′

n of points X show up. Therefore, with ψ(x′) = 0,
ψ(−x′) = 0 also holds. This means that each center m is a center of
symmetry of the quadric Q(ψ).
If r = rk(A) < n, there exists a (n−r)-dimensional space of centers. Then,
beside m, each vector m′ ∈m +U satisfies (3.8), provided that U is the
eigenspace to the eigenvalue 0, i.e., it solves the system of homogeneous
equations Ax = 0.

In the case a′ = 0, the quadratic polynomial on the left-hand side of (3.9)
is homogeneous, and each center m is a point of the quadric. Then, the
quadric is called conical or quadratic cone, since with each point x ∈ Q(ψ),
the full line connecting m and x belongs to the quadric, due to

r

∑
i=1

λi(t x′i)2 = t2
r

∑
i=1

λix
′2
i = 0 for all t ∈ R.

Case 2b: The system (3.8) has no solution, the quadric has no center:

In this case with r = rk(A) < rk(A ∣a) ≤ n, not all linear terms aixi in the
quadric’s equation can be eliminated. As will be revealed, we can achieve
that only the last term remains. This follows from a decomposition of the
vector a in a sum of two orthogonal components, as stated below.

Lemma 3.1.2 When the linear system Ax = −a in (3.8) has no solution,

we can represent the vector a as a sum of orthogonal vectors a0 +a1 such

that a0 ≠ 0 is an eigenvector of A with eigenvalue 0 and, on the other

hand, the system Ax = −a1 is solvable.

Proof: We refer to the sequence of eigenvectors b1, . . . ,bn of A in the same order as used
before in Step 1. The r-dimensional space of vectors {Ax ∣x ∈ Rn} is spanned by the first
r eigenvectors b1, . . . ,br of A, because of Abi = λibi, while the remaining eigenvectors
br+1, . . . ,bn span the eigenspace to the eigenvalue 0. Hence, in order to split a into the
requested sum, it is sufficient to represent a as a linear combination of the basis vectors

b1, . . . ,bn and to decompose the sum into

a1 ∶= ⟨a,b1⟩b1 + ⋅ ⋅ ⋅ + ⟨a,br⟩br and a0 ∶= ⟨a,br+1⟩br+1 + ⋅ ⋅ ⋅ + ⟨a,bn⟩bn.
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According to our assumption, we have a0 ≠ 0, since otherwise the system Ax = −a would be
solvable. ◾

When specifying a new origin o′, i.e., when replacing x with x′+o′, then,
due to (3.7), the coordinate vector a of the linear form w.r.t. (o;B) has
to be replaced by

a′ =Ao′ + a =Ao′ + a1 + a0.

By virtue of Lemma 3.1.2, there exists a vector o′ which solves the system
Ax = −a1. Consequently, in the quadric’s equation, the linear form aT0 x

′,
or explicitly,

⟨a0,br+1⟩x′r+1 + ⋅ ⋅ ⋅ + ⟨a0,bn⟩x′n
remains. We recall that, according to Step 1, the vectors br+1, . . . ,bn

have to form an orthonormal basis of the (n − r)-dimensional eigenspace
of A to the eigenvalue 0. Moreover, the vector a0 ≠ 0 belongs to this
space. Hence, we will not spoil the obtained diagonal form of the matrix
A when we choose, within this subspace, a new orthonormal basis with
bn in the direction of a0, i.e., with a0 = a

′

nbn and a′n ≠ 0. This reduces
the coordinate representation of the linear form to the last term 2a′nx

′

n.
On the other hand, because of rk(A) = r < n, there is no term with x′2n
in the quadric’s equation.

Finally, we can eliminate the constant a′, when we replace the origin
o′ by o′′ = o′ + μbn with an appropriate μ ∈ R. This means that we
substitute x′n = x′′n − λ. Thus, we obtain, on the left-hand side of the
quadrics equation,

r

∑
i=1

λi x
2
i + 2a

′

n(x′′n − λ) + a,
and we can set λ = a/2a′n.

We continue our efforts of simplifying the quadric’s equation. We can
assume that, in the particular case in question, among the quadratic terms
the number p of positive summands is not smaller than that of negative
summands, at least after multiplying the equation with −1. After the
division of the equation by ∣a′n∣, the last coefficient is reduced to 2 or −2.
In the first case, we can reverse the direction of bn and hence replace x′′n
by −x′′n.
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We now summarize the forgoing results: Due to an appropriate choice of
a Cartesian coordinate frame for each given quadric Q(ψ), we can reduce
the equation to one of three normal forms, as given below.

Theorem 3.1.1 (Classification of quadrics in E
n) There are three

types of real quadrics to be distinguished. Their normal forms are as

follows:

Type 1, conical quadrics: 0 ≤ p ≤ r ≤ n, p ≥ r − p,
rk(A∗) = rk(A ∣a) = rk(A) = r :

x21
α2
1

+ ⋅ ⋅ ⋅ +
x2p

α2
p

−
x2p+1

α2
p+1

− ⋅ ⋅ ⋅ −
x2r
α2
r

= 0.

Type 2, central quadrics: 0 ≤ p ≤ r ≤ n,

rk(A∗) > rk(A ∣a) = rk(A) = r :

x21
α2
1

+ ⋅ ⋅ ⋅ +
x2p

α2
p

−
x2p+1

α2
p+1

− ⋅ ⋅ ⋅ −
x2r
α2
r

− 1 = 0.

Type 3, parabolic quadrics: 0 ≤ p ≤ r < n, p ≥ r − p,
rk(A ∣a) > rk(A) = r :

x21
α2
1

+ ⋅ ⋅ ⋅ +
x2p

α2
p

−
x2p+1

α2
p+1

− ⋅ ⋅ ⋅ −
x2r
α2
r

− 2xn = 0.

Central and conical quadrics with r < n and parabolic quadrics with r <

n − 1 are also called cylindrical.

Now, we are able to define the term ‘regular quadric’ for all dimensions.
We have already used this term in Chapter 2.

Definition 3.1.2 A quadric is called regular if its extended matrix A∗

has full rank. Otherwise, we speak of a singular quadric.

In (3.3), it was shown that each coordinate transformation acts on the
extended matrix of a quadric in the form of a right-multiplication with a
regular matrix. This reveals that the term ‘regular quadric’ is invariant
w.r.t. coordinate transformations. We conclude from the classification in
Theorem 3.1.1 that regular quadrics are either central or parabolic, but
never conical.
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x1

x2

x3

x1 x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2

x3

x1x1x1x1x1x1x1x1x1x1x1x1x1x1x1x1x1

x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2

x3

FIGURE 3.2. Examples of singular quadrics in E
3: quadratic cone (left) with hy-

perbolas, elliptic cylinder (middle) and hyperbolic cylinder (right) with asymp-
totic planes.

Remark 3.1.1 It should be pointed out that, in order to figure out the type of any given
quadric, it is not necessary to determine all eigenvalues of A explicitly. Firstly, the char-

acteristic numbers p and r in these normal forms follow from the signature of the included
quadratic form, and this can be found by elementary operations on rows and columns of the
representing matrix A. Secondly, the decision between the three types can be made by com-

paring the ranks of the matrices A, (A ∣a) and the extended matrix A
∗, as listed above in

Theorem 3.1.1.

In Chapter 2, we learned that one-sheeted hyperboloids and hyperbolic
paraboloids are the only regular quadrics which are ruled surfaces. A
generalization for higher dimensions will be presented in Section 4.3: The
maximum dimension of linear spaces on quadrics in the real projective
n-space depends on the signature of the representing quadratic form. For
the sake of completeness, we anticipate this result w.r.t. the normal forms
in E

n.

Theorem 3.1.2 Referring to the normal forms of quadrics Q, as given

in Theorem 3.1.1, the maximum dimension d of linear spaces on Q is as

given below:

Type 1, conical quadrics: d = n − p.

Type 2, central quadrics: for 2p ≥ r + 1: d = n − p,
for 2p < r + 1: d = p − 1 + n − r.

Type 3, parabolic quadrics: d = n − p − 1.

d < 0 means that Q = {}.
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Principal axes and vertices

The normal form of a given quadric Q is always related to a particular
Cartesian coordinate frame (o;B) with B as a basis of eigenvectors of
the matrix A. However, this frame need not be unique. In the case of an
eigenvalue of multiplicity k ≥ 2, there is a free choice of the orthonormal
basis within the corresponding k-dimensional eigenspace. If the center
space of Q has a dimension (n− r) ≥ 1, then the coordinate frame can be
translated parallel to this space.

Whenever a coordinate axis of a normalizing frame (o;B) is an axis of
symmetry of the quadric Q, it is called a principal axis. Hence, for central
or conical quadrics Q, all coordinate axes of the frame (o;B) are principal
axes. For parabolic quadrics Q, only the axis in direction of the last basis
vector bn is an axis of symmetry, since the mapping (x1, . . . , xn−1, xn)↦(−x1, . . . ,−xn−1, xn) transforms Q onto itself.

A quadric Q of type 2, in the sense of Theorem 3.1.1, intersects the axis
m+bjR, 1 ≤ j ≤ p at points with coordinates (0, . . . ,0, xj ,0, . . . ,0) where
x2j/α2

j − 1 = 0, and hence xj = ±αj . These points are called vertices of Q,
and the corresponding distance αj to the center is a semiaxis of Q. The
principal axes m + bjR with p + 1 ≤ j ≤ r are also called secondary axes

of Q. Their points of intersection with Q have an imaginary coordinate
xj = ± i

√
−αj.

Quadrics of type 3 are called parabolic, because their intersections with
planes spanned by the axes xn and xj for j ≤ r are parabolas satisfying
the equations x2j/αj ± 2xn = 0 (note the Figures 3.4 and 3.7).

Corollary 3.1.3 Let xTAx+2aTx+a = 0 be the equation of the quadric

Q in E
n w.r.t. any coordinate frame (o;B). If Q is a central quadric, then

the space of centers m satisfies the system of linear equations Ax = −a. In

the case of a conical quadric, this system defines the (n − r)-dimensional

apex, provided that rk(A) = r.
The proof is left as an exercise for the readers (Exercise 3.1.1).

◾ Example 3.1.4 Principal axis transformation of a conic.

We apply the algorithm, as presented above, to the ellipse depicted in Figures 3.1 and 3.3
with the canonical equation

ψ(x) = 9x2

1 − 4x1x2 + 6x
2

2 − 32x1 − 4x2 + 24 = 0.
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x1

x2

o

b′
1

b′
2

m
Q(ψ)

FIGURE 3.3. The principal axes of the ellipse with the canonical equation
9x2

1
− 4x1x2 + 6x

2

2
−32x1 − 4x2 + 24 = 0 (Example 3.1.1).

In the notation of (3.5), we have

A = ( 9 −2

−2 6
) , a = ( −16

−2
) and a = 24.

Step 1: The characteristic polynomial of A,

det(A − λ I2) = det( 9 − λ −2

−2 6 − λ
) = λ2

− 15λ + 50, where I2 = ( 1 0

0 1
) ,

has the zeros

λ1 = 10, and λ2 = 5.

These are the eigenvalues of A. Corresponding eigenvectors satisfy the system (A−λiI2)x = 0.
Thus, we obtain an orthonormal basis of eigenvectors

b
′

1 =
1√
5
( 2

−1
) , b

′

2 =
1√
5
( 1
2
).

Step 2: According to Corollary 3.1.3, the center m satisfies

Ax = −a.

Its unique solution is m = (2,1). The transformation of the given canonical coordinates (o;E)
to the principal axes (m;B′) can be expressed as

( x1

x2

) =m +TB
′

E
( x′1
x′
2

) with T
B
′

E
= (b′1 b

′

2
) = 1√

5
( 2 1

−1 2
) .

This generates the simplified equation

λ1 x
′2

1 + λ2 x
′2

2 +ψ(m) = 10x′ 21 + 5x′ 22 − 10 = 0.
After division by 10, we obtain the normal form

x′21 +
1

2
x′22 − 1 = 0

with the semiaxes α1 = 1 and α2 =
√
2. The vertices of this ellipse are marked in Figure 3.3

and have the coordinates

(2 ± 2√
5
, 1 ∓

1√
5
) , ⎛⎝2 ±

√
2

5
, 1 ± 2

√
2

5

⎞⎠ .
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The next example shows the algorithm in the case of a parabolic quadric
of E3.

◾ Example 3.1.5 Principal axis transformation of a parabolic quadric.

Let the quadratic function ψ ∶ R
3
→ R be given by its coordinate representation w.r.t. any

given Cartesian coordinate frame (o;B) as

ψ(x) = x2

1 + 2x1x2 + x
2

2 + 4x1 + 2x2 − 4x3 − 3 = 0.

A comparison with the matrix representation x
T
Ax + 2aT

x + a results in

A =
⎛⎜⎝

1 1 0

1 1 0

0 0 0

⎞⎟⎠ , a =
⎛⎜⎝

2

1

−2

⎞⎟⎠ , a = −3.

Step 1: The characteristic polynomial

det(A − λ I3) = −λ2(λ − 2)
yields as zeros the eigenvalue λ1 = 2 with multiplicity 1 and the two-fold eigenvalue λ2 = 0.

b
′

1 =
1√
2

⎛⎜⎝
1

1

0

⎞⎟⎠
is a normalized eigenvector to λ1. It spans the eigenspace U1 ∶= {Ax ∣ x ∈ R3}, which is the

image space of the linear mapping R
3
→ R

3 with x ↦ Ax. This eigenspace is orthogonal to
the two-dimensional kernel of this mapping, the space U2 ∶= {x ∣Ax = 0} as the eigenspace of

λ2 = 0.

Step 2: Before we specify an orthonormal basis of U2, we check the system Ax = −a, given in
Corollary 3.1.3.

Obviously, a is not contained in U1, i.e., not a scalar multiple of b′
1
. According to Step 2b in

our algorithm given above, we have to decompose a into a sum of two orthogonal components
a0 + a1, where a1 ∈U1 and a0 in the eigenspace U2 of λ2 = 0. This yields

a1 = ⟨a, b′1⟩b′1 = 3

2

⎛⎜⎝
1

1

0

⎞⎟⎠ and a0 = a − a1 =
1

2

⎛⎜⎝
1

−1

−4

⎞⎟⎠ .
Normalization of a0 yields the third vector of our orthonormal basis of eigenvectors, namely

b
′

3 =
1

3
√
2

⎛⎜⎝
1

−1

−4

⎞⎟⎠ , and b
′

2 = b
′

3 × b
′

1 =
1

3

⎛⎜⎝
2

−2

1

⎞⎟⎠ .
For the origin o

′ we choose, as a particular solution of Ax = −a1, for example

o
′
=
⎛⎜⎝
−3/2
0

0

⎞⎟⎠ .
The coordinate transformation

⎛⎜⎝
x1

x2

x3

⎞⎟⎠ = o′ +TB
′

B

⎛⎜⎝
x′
1

x′
2

x′
3

⎞⎟⎠ with T
B
′

B
= (b′1, b′2, b′3)
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yields, by virtue of (3.7), the new matrix representation with

A
′
=
⎛⎜⎝

2 0 0

0 0 0

0 0 0

⎞⎟⎠ , a
′
=
⎛⎜⎝

0

0

3/√2

⎞⎟⎠, a′ = −
27

4
= ψ(o′).

Consequently, the simplified equation of our quadric is

2x′ 21 + 3x
′

3

√
2 − 27/4 = 0. (3.10)

We combine the last two summands as

3
√
2(x′3 − 27

12
√
2
) = 3√2(x′3 − 9

4
√
2
) ∶= 3√2 x′′3

Thus, we replace the origin o
′ by

o
′′
= o
′
+

9

4
√
2
b
′

3 =
⎛⎜⎝
−9/8
−3/8
−3/2

⎞⎟⎠ .
Finally, we multiply the equation (3.10) with 2/(3√2) and reverse the direction of b

′

3
. In

order to avoid a left-handed coordinate frame, we simultaneously replace b
′

2
by −b′

2
. The

basis B′′ = (b′
1
,−b′

2
,−b′

3
) and the origin o

′′ define a coordinate frame, w.r.t. which our
quadric obtains the normal form

4

3
√
2
x′′21 − 2x′′3 = 0.

This is the equation of a parabolic cylinder (see Figure 3.7 on page 117). The coordinate
transformation between the original coordinate frame (o;B) and (o′′;B′′) can be expressed
by

⎛⎜⎝
x1

x2

x3

⎞⎟⎠ = −
3

8

⎛⎜⎝
3

1

4

⎞⎟⎠ +
1

3
√
2

⎛⎜⎜⎝
3 −2

√
2 −1

3 2
√
2 1

0 −
√
2 4

⎞⎟⎟⎠
⎛⎜⎝
x′′
1

x′′
2

x′′
3

⎞⎟⎠ ,
or, in the inverse version,

⎛⎜⎝
x′′
1

x′′
2

x′′
3

⎞⎟⎠ =
1

4
√
2

⎛⎜⎝
6

−4
√
2

7

⎞⎟⎠ +
1

3
√
2

⎛⎜⎝
3 3 0

−2
√
2 2
√
2 −
√
2

−1 1 4

⎞⎟⎠
⎛⎜⎝
x1

x2

x3

⎞⎟⎠ .

● Exercise 3.1.1 Center of a given quadric.

Prove in matrix form the statement of Corollary 3.1.3: If the quadric Q has the equation
x
T
Ax + 2aT

x + a = 0, then each vector m satisfying the system Ax = −a is the position
vector of a center of symmetry of Q, i.e., the reflection in m maps Q onto itself.
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3.2 Quadrics in the Euclidean plane and 3-space

We continue with a detailed discussion of Theorem 3.1.1 in the form of
enumerations of the quadrics in the Euclidean spaces E

2 and E
3. Accord-

ing to the underlying definition of quadrics in this Chapter, this results
in a list of curves and surfaces of degree two (note Figures 3.4 and 3.7).

Regular and singular quadrics in E2

Type 1, conical quadrics: The conditions 0 ≤ p ≤ r ≤ 2 and p ≥ r − p
for the characteristic numbers (r, p) admit three cases:

1a) (r, p) = (2,2), ψ(x) = x2

1

α2

1

+
x2

2

α2

2

, Q(ψ) = {0},
1b) (r, p) = (2,1), ψ(x) = x2

1

α2

1

−
x2

2

α2

2

, Q(ψ) consists of two lines,

1c) (r, p) = (1,1), ψ(x) = x21, Q(ψ) is a single line (with multiplicity
two).

In the case 1c, but also in the case 1b, the quadratic function ψ(x) is
reducible over R, since

x21
α2
1

−
x22
α2
2

= (x1
α1

+
x2

α2

)(x1
α1

−
x2

α2

) .

Type 2, central quadrics: There are five cases:

2a) (r, p) = (2,2), ψ(x) = x2

1

α2

1

+
x2

2

α2

2

− 1, Q(ψ) is an ellipse,

2b) (r, p) = (2,1), ψ(x) = x2

1

α2

1

−
x2

2

α2

2

− 1, Q(ψ) is a hyperbola,

2c) (r, p) = (2,0), ψ(x) = −x2

1

α2

1

−
x2

2

α2

2

− 1, Q(ψ) = {},
2d) (r, p) = (1,1), ψ(x) = x2

1

α2

1

− 1, Q(ψ) consists of two parallel lines,

2e) (r, p) = (1,0), ψ(x) = −x2

1

α2

1

− 1, Q(ψ) = {}.
An ellipse with α1 = α2 is a circle with radius α1. For an ellipse with
α1 > α2, the first coordinate axis is called major axis with the major

semiaxis α1. The other is the minor axis with the minor semiaxis α2.
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Let us focus on the dual equation of the regular quadrics in the original
pencil spanned by A and B. The dual equation of the quadrics in the
pencil can be obtained by directly inverting Q = αA+βB using a special
form of the Woodbury matrix identity (cf. [47]): Let M and N be two
n×n-matrices where M and In +M

−1N are regular. Then, the inverse of
the sum of the two matrices M and N equals

(M +N)−1 =M−1
− (In +M−1N)−1M−1NM−1. (5.9)

Thus, the dual equations of the quadrics in the pencil have the equations
uTQ−1u = 0 and for the inverse of Q = αA + βB, we have either

Q−1 = 1

α
A−1 − (In + β

α
A−1B)−1A−1BA−1, or

Q−1 = 1

β
B−1 − (In + α

β
B−1A)−1B−1AB−1

(5.10)

depending on the order of the summands of Q. Especially in P
3(F), we

can infer from (5.10) that the coefficient matrix Q−1 equals

Q−1 = α3A−1 + α2βC1 + αβ
2C2 + β

3B−1

up to non-zero scalar multiples. This seems to be a cubic parametrization
of the dual pencil of quadrics. However, the coefficient matrices A−1 and
B−1 of α3 and β3 are the coefficient matrices of the equations of the dual
quadrics A⋆ and B⋆.
The planes of the dual quadrics Ci given by xTCi x = 0, with i = 1,2,
intersect the two base quadrics along conics ci such that there exist polar
triangles inscribed into the first conic and circumscribed to the second,
and vice versa (cf. [127, p. 213]).

From (5.10), we can immediately infer:

Theorem 5.4.1 In a pencil of quadrics in P
n(F), there are up to n − 1

quadrics that touch a generic hyperplane.

Proof: Assume that the generic plane υ has the homogeneous coordinate vector u ≠ o. Then,
we choose one of the equations given in (5.10) and observe that

uTQ−1u = 0

is a binary form of degree n − 1 in the homogeneous variable λ ∶ μ. It can have up to n − 1

zeros αi ∶ βi ≠ 0 ∶ 0, which correspond to planes in P⋆, and thus, to tangent planes of quadrics
in P. ◾
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Theorem 5.4.1 covers the case of pencils of conics. We have learned that
the fixed points of Desargues’s involution induced by a pencil on a line
(that does not contain a base point of the pencil) are the points of contact
of conics in the pencil (see [46, Thm. 7.4.2]). These fixed points corre-
spond to the zeros of a binary quadratic form, so that there exist two of
them. In 3-space we have up to three possible points of contact between
a plane and certain quadrics in a pencil. These are the singular points of
the singular conics in the pencil of intersection curves.

5.5 Special pencils

Singular pencils of quadrics

There are two distinct types of singular pencils of quadrics:

l

c

FIGURE 5.6. A singular pencil of quadrics that consists of quadratic cones that
are tangent to a common tangent plane along a common generator l and pass
through a common regular conic c.
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(1) The projection of a pencil P of conics in a projective plane P
2(F) from

a point V ∉ P2(F) produces a pencil of quadratic cones. (2) Quadratic
cones that touch along a common generator and share a further (regular)
conic (shown in Figure 5.6).

(1) In the singular pencil that is obtained by projecting a pencil of conics
in a plane, we find five different types of singular pencils of quadrics.
Obviously, these pencils of quadrics contain, besides the regular quadratic
cones joining the conics with V , singular quadratic cones which consist
of pairs of planes or double planes, depending on whether the pencil of
conics contains pairs of lines or double lines.

An analytic description of this kind of singular pencil of quadrics can be
obtained in an easy way. We assume that the point V has the homoge-
neous coordinates (1 ∶ 0 ∶ 0 ∶ 0) and the conics lie in the plane ω ∶ x0 = 0.
Then, the pencil of conics in the plane ω has an equation of the form
given in (5.7). Note that ∆ = 0 from (5.4) for all α ∶ β ≠ 0 ∶ 0.

(2) A pencil of quadrics that consists only of quadratic cones that
touch along a common generator l and share a regular conic c can be
parametrized by first assuming that P ∶ xTQx = 0 is the equation of all
quadrics in the pencil. The entries qij ∈ F of Q with i, j ∈ {0, . . . ,3} are
to be determined.

Without loss of generality, we may assume that c is given by

c ∶ x3 = x0x2 − x
2

1 = 0 or c = (1, t, t2,0), with t ∈ F.

Inserting c’s parametrization for x into P yields a quartic polynomial in
t which vanishes for all t ∈ F if, and only if,

q00 = q01 = q12 = q22 = 0, 2q02 + q11 = 0.

Further, it is admissible to assume that l is the intersection of x1 = x2 = 0
which can also be given in parametric form as l(t) = (1,0,0, t). Again,
we insert the parametrization of l into P, which causes

q00 = q03 = q33 = 0.

Since all the cones in this pencil shall be tangent to one plane π along
l, this plane is uniquely determined by l and the tangent to c at c ∩ l.
Therefore, π ∶ x1 = 0, and finally, we find

q02 = 0.
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Now, we are able to write down Q as

Q =
⎛
⎜⎜⎜
⎝

0 0 α 0

0 −2α 0 0

α 0 0 β

0 0 β 0

⎞
⎟⎟⎟
⎠

(5.11)

where q02 = α and q23 = β. Again, we observe ∆(α,β) = 0 for all α ∶ β ≠
0 ∶ 0.

The matrix (5.11) is of rank 3 as long as α ≠ 0. In the case α = 0, the
rank of Q equals 2, and thus, the only singular cone in the pencil consists
of the two planes x2 = x3 = 0.

Quadratic cones that osculate or hyperosculate along a common generator
belong to the pencils of the first type.

Pencils of spheres

Analytic description of pencils of spheres

A pencil of spheres is a pencil of quadrics that contains only spheres
(including planes and points as null spheres). Any two spheres, say A
and B, given by their homogeneous equations

A ∶ ⟨x − a,x − a⟩ = a20x20, B ∶ ⟨x − b,x − b⟩ = b20x20,
where x = (x1, x2, x3), intersect the plane at infinity ω ∶ x0 = 0 along the
absolute circle

⟨x,x⟩ = x21 + x22 + x23 = 0
of Euclidean geometry. On the other hand, we can eliminate the quadratic
form ⟨x,x⟩ from the inhomogeneous equations by simply subtracting
them. This yields the equation

̺ ∶ ⟨a −b,x⟩ = ⟨a,a⟩ − ⟨b,b⟩ − a20 + b20
of the radical plane of the spheres A and B. The plane ̺ is the radical
plane of all spheres in the pencil. If the radii a0, b0, and the distance
d = ∥a − b∥ between the spheres’ centers satisfy

a0 + b0 > d,

then c ∶= ̺∩A = ̺∩B is a real circle which lies on all spheres of the pencil.
However, c is a circle even if a0+b0 < d, but it has no real points. If A and
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B are in contact, then a0 + b0 = d and A and B share a pair of complex
conjugate (and isotropic) generators. Families of concentric spheres are
in contact along the absolute circle of Euclidean geometry and form the
fourth kind of pencils of spheres.

From pencils of circles to pencils of spheres

In [46, p. 320], we have learned that there exist four different types of
pencils of circles: hyperbolic, elliptic, parabolic pencils, or a pencil of
concentric circles.

We can distinguish between as many pencils of spheres as we can distin-
guish pencils of circles.

The classification of pencils of circles can be done by means of the number
and reality of base points of these special forms of pencils of conics or by
means of the Desargues involution induced by the circles of the pencil
on the line joining the centers. The classification with the help of the
Desargues involution fails in the case of a parabolic pencil or a pencil of
concentric circles. The elliptic pencil has two real base points, while the
hyperbolic pencil of circles has no real base point. The parabolic pencil
of circles is the one-parameter family of circles that touch a common line
element. Clearly, the circles of a concentric pencil share the center.

The pencils of spheres can easily be generated from the pencils of cir-
cles. We apply a rotation about the line a joining the centers of any two
different circles in the pencil. The line a shall be called the axis of the
pencil. During the rotation, each circle sweeps a sphere and each base
point, whether real or not, traces a circle c that is common to all spheres
in the pencil (see Figure 5.7),

The plane ̺ spanned by the circle c is the radical plane of the spheres in
the pencil. For example, let

S ∶ (x −m)2 + y2 + z2 = r2

be the equation of a sphere in the elliptic pencil. Assume that all spheres
in the pencil share the circle

c ∶ x2 + y2 −R2
= x = 0, ̺ ∈ R {0}.

Then, r, m, and R are subject to

r2 = R2
+m2.
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In this case, the radical plane ̺ has the equation x = 0. With the latter
relation, we obtain a parametrization of the elliptic pencil of spheres as

Pe ∶ x2 − 2mx + y2 + z2 = R2.

The smallest sphere in the elliptic pencil is that of radius R, which is
sometimes called central sphere. The largest sphere in the pencil is the
radical plane, i.e., a sphere with infinitely large radius.

a

c

̺

FIGURE 5.7. An elliptic pencil of spheres is uniquely determined by prescribing
a real circle c through which all spheres of the pencil have to pass. The Desargues
involution on the axis a of the pencil is elliptic.

A hyperbolic pencil is obtained by replacing the abovementioned circle c

by a circle with a purely imaginary radius, i.e., the trace of the complex
conjugate pair of base points of a hyperbolic pencil of circles. Even though
the circle c does not carry a real point, its carrier plane ̺ is real and is
the radical plane of all spheres in the hyperbolic pencil. The axis of the
hyperbolic pencil of spheres joins the centers of all spheres and carries the
two null spheres N1 and N2, two points considered as spheres of radius
0. Speaking in terms of projective geometry, N1 and N2 are the fixed
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points of the Desargues involution determined by the hyperbolic pencil of
spheres on the axis a (see Figure 5.8).

a

c ←



no
t
re
al

̺

N1

N2

FIGURE 5.8. The hyperbolic pencil of spheres consists of the one-parameter
family of spheres that pass through a circle c without any real point in the
common (real) radical plane ̺. Unlike the elliptic pencil, the hyperbolic pencil
contains two null spheres N1 and N2.

The parabolic pencil of spheres consists of all spheres that touch a plane
̺ at a point P (see Figure 5.9). It is clear that ̺ is the radical plane
of any pair of spheres taken from the pencil. The axis a of the pencil
coincides with the common normal of all spheres. The range of points cut
out from the spheres by the axis a is no longer an involution in the case
of a parabolic pencil. The radical plane can be viewed as a sphere with
infinitely large radius and belongs to the pencil.

The pencil of concentric spheres has infinitely many axes which are all
common diameters of the spheres in the pencil. The hyperbolic pencil of
spheres consists of all spheres that share a complex circle in a real plane.
All spheres of an elliptic pencil pass through a real circle. Rotating a
parabolic pencil of circles results in a parabolic pencil of spheres, i.e., the
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a

̺

P

FIGURE 5.9. The parabolic pencil of spheres is formed by the one-parameter
family of spheres that touch a plane ̺ at a common point P . The plane ̺ is the
common radical plane of all spheres in the pencil and it is also a sphere of the
pencil. The point P is a null sphere.

one-parameter family of spheres that touch a real plane in a certain real
point.

Finally, a range of concentric spheres can be obtained by rotating con-
centric circles about a common diameter. Any two spheres in the pencil
of concentric spheres share only the absolute circle of Euclidean geome-
try. Moreover, they are in line contact along the absolute circle. Each
spherical motion with its fixed point in the common center of all spheres
leaves the concentric pencil fixed as a whole.

Thus, we can classify the pencils of spheres as pencils of quadrics in the
following way:

Theorem 5.5.1 The elliptic and hyperbolic pencils of spheres are pencils
of quadrics of type (5.1). The parabolic pencils of spheres are pencils of
quadrics of type (4.2). The pencils of concentric spheres are pencils of
quadrics of type (5.4).
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● Exercise 5.5.1 Pencils of spheres.

Show that a normal form of the equations of spheres in the four kinds of pencils of spheres
can be written in the following forms

x2
+ y2 + z2 − 2mx − ̺2 = 0, ̺ ∈ R+, m ∈ R elliptic pencil,

x2
+ y2 + z2 − 2mx + ̺2 = 0, ̺ ∈ R, m ∈ R hyperbolic pencil,

x2
+ y2 + z2 − 2mx = 0, m ∈ R parabolic pencil,

x2
+ y2 + z2 −m2

= 0, m ∈ R concentric spheres.

(5.12)

Determine the null spheres in all those cases where null spheres exist. Find the planes (viewed

as flat spheres) contained in the pencils. Compute the equations of all spheres that intersect

all spheres of the given pencils at right angles.

Triply orthogonal systems of spheres

From pencils of spheres, we can create triply orthogonal families of sur-
faces comparable to the system of confocal quadrics. In [46, Thm. 7.4.5],
we have seen that each pencil P of circles defines a pencil P� of orthogo-
nal circles. If P is elliptic, parabolic, or hyperbolic, then P� is hyperbolic,
parabolic, or elliptic. The ortho circles of a pencil of concentric circles is
the set of diameters common to all circles in the pencil.

FIGURE 5.10. A triply orthogonal system of surfaces can be obtained from
the simple triply orthogonal system built by a pencil of concentric spheres and
two pencils of common meridian planes by inversion. The parameter curves are
circles. The parameter surfaces are spheres.
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In the previous section, we have generated pencils of spheres by rotating
pencils of circles about their axes. Not only do we apply the generating
rotation to the initial pencil P, but we also rotate the orthogonal pencil
P�. This yields, besides the pencil of spheres, a one-parameter family of
tori (ring-, thorn-, or spindle-shaped).

FIGURE 5.11. A system of triply orthogonal surfaces consisting of the Möbius
transforms of spheres from an elliptic pencil (yellow), spheres as the transforms
of the common meridian planes (red), and Dupin cyclides (green).

The spheres of the pencil and the tori share the meridian planes, i.e.,
the pencil of planes through the axis of the sphere pencil. The planes,
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the spheres, and the tori comprise the three independent one-parameter
families of surfaces that form the triply orthogonal system of surfaces.

Each sphere A in the pencil intersects each torus B along a circle at
right angles. Both the spheres and the tori intersect each meridian μ

along circles at right angles. Thus, the grid of intersection lines between
the surfaces is a grid of orthogonally intersecting circles, as illustrated in
Figure 5.10.

Since intersection at right angles along circles is invariant with respect to
Möbius transformations, we can generate the more general forms of fam-
ilies of triply orthogonal surfaces by applying a Möbius transformation,
i.e., a combination of a finite number of translations, equiform transfor-
mation, and inversions in spheres.

Then, the surfaces in the first family are spheres (including planes). The
surfaces in the second family transform to Dupin cyclides (ring-, spindle-
, thorn-shaped, depending on the shape of the tori), and the meridian
planes become spheres (including planes).

Figure 5.11 shows a Möbius transformation of some spheres from an ellip-
tic pencil together with the transforms of some tori whose meridian circles
stem from the orthogonal hyperbolic pencil of the spheres’ meridians. The
meridian planes are bent to spheres.

As we shall see in Chapter 7, confocal quadrics also constitute a triply
orthogonal system of quadrics. The quadrics in such systems of surfaces
also intersect along lines of curvature at right angles, cf. Theorem 7.1.2
and Corollary 7.1.1.
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6 Cubic and quartic space curves
as intersections of quadrics

Q

C

C

q

q

l

m

Quartic space of curves q of the second kind are part of the intersection of a

quadric Q and a cubic surface C which share two further straight lines l and

m. Unlike quartic space curves of the first kind, there exists only one quadric

through a quartic space curve of the second kind.
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In this chapter, we discuss cubic space curves. From the view point of
projective geometry, there exist several types of planar cubics, but only
one type of cubic space curve. Unlike planar cubics, cubic space curves
are always rational normal curves, i.e., collinear images of the Veronese
variety V 3

1
, and thus, they can always be parametrized over the projective

line and admit a group of projective automorphisms. In some sense, cubic
space curves are three-dimensional analogues to conics.

As we have seen in Chapter 5, cubic space curves can be found as a part
of the intersection of two quadrics. The two quadrics must have a straight
line in common without touching each other along this line. The complete
intersection of the two quadrics is a quartic space curve that splits into
the cubic and the straight line. Therefore, it will turn out to be necessary
to impose a further condition on the coordinates of the intersection of two
quadrics in order to describe only the cubic part.

As we will see soon, on any ruled quadric, there exists a huge variety
of cubic space curves; and through any cubic space curve, there exists a
two-parameter family of ruled quadrics.

The chords of a conic fill the plane of the conic; the chords of a cubic
space curve form a special algebraic congruence of lines. This is a two-
dimensional manifold of straight lines in the three-dimensional ambient
space. The cubic’s congruence of chords contains the tangents of the cubic
space curve as well as the generators of all (ruled) quadrics that contain
the cubic curve. The congruence of chords allows us to define a projection
from the space of lines into a certain plane, and composed with a certain
quadratic Cremona transformation, a relation between the lines in space
and the points in a hyperbolic plane can be established.

Moreover, it turns out that cubics have a projective generation which
mirrors Steiner’s construction of conics (cf. [46, p. 218, Definition 6.1.1]).
A dual version of this projective generation can be given.

Finally, we study quartic space curves which arise in a natural way as the
intersection of two quadrics, cf. Chapter 5. The quartics obtained in this
way are called quartic space curves of the first kind. We shall give normal
forms of their equations and show some examples. It turns out that there
are quartic space of curves of the second kind, i.e., quartic space curves
which lie on a single ruled quadric and are cut out by a cubic surface
sharing two straight lines with the quadric. Some appearances of such
quartics of the second kind shall also be discussed in this chapter.
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6.1 Standard cubic

In the following, we shall use homogeneous coordinates in projective 3-
space P

3(F). The underlying field F shall not be of characteristic 2 or 3,
cf. the footnote on page 183. A cubic space curve c can be given by a
parametrization over the projective line P

1(F) in the form

c(t0, t1) =
⎛
⎜⎜⎜
⎝

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜
⎝

t3
0

t2
0
t1

t0t
2
1

t3
1

⎞
⎟⎟⎟
⎠
, t0 ∶ t1 ≠ 0 ∶ 0. (6.1)

Note that the four coordinate functions are cubic forms depending on the
homogeneous parameter t0 ∶ t1 ≠ 0 ∶ 0. So, it is clear that any plane ε = eF

shares at most three points with c.

We treat only those cases where the matrix A ∶= (aij) (with i, j ∈

{0, . . . ,3}) is regular. Otherwise, (6.1) describes a planar and rational
cubic if rkA = 3. The cases rkA ≤ 2 correspond to lines and points, or
even the empty set. Planar cubics can also be elliptic, but these cubics,
i.e., non-rational cubics, cannot be described by (6.1).

The following result is helpful and will simplify many problems by tracing
them back to an apparently simpler parametrization and representation
of a cubic space curve. In [46, p. 239, Theorem 6.4.1], we have shown
that there exists only one conic in a projective plane. There is a similar
result for cubic space curves:

Theorem 6.1.1 In a projective space P
3(F) with charF ≠ 2, there exists

only one type of cubic space curve, up to projective collineations. In an
appropriately chosen coordinate system, the cubic can be written as

c(t0, t1) = (t30 ∶ t20t1 ∶ t0t21 ∶ t31), (t0, t1) ∈ F2 {0}. (6.2)

Proof: The matrix A in (6.1) describes the linear mapping that transforms the canonical basis
of F

4 into an arbitrary one, since we have assumed that rkA = 4. Consequently, a suitable
change of coordinates transforms A into a multiple of the unit matrix I4 = diag(1,1,1,1), and
(6.1) changes to (6.2). ◾

A straight line l is called a tangent of a cubic c at a point P if it meets
the curve at P with multiplicity two. An equivalent definition of the
tangent uses differential calculus: For that approach, we assume that
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c(τ) ∶ I ⊂ F→ F
4 is a parametrization of c with an affine parameter τ . F

can be either the real or complex number field. Here, and in the following,
a dot shall indicate the differentiation w.r.t. the parameter. The tangent
l of c at P = c(τ0) is spanned by P and the first derivative ċ(τ0) of the
parametrization at τ0 which, in terms of homogeneous coordinates, reads

l = [c(τ0), ċ(τ0)],

provided that c(τ0) and ċ(τ0) are linearly independent, i.e., c(τ0) is a
regular point of c.

The differential geometric definition of the tangent to a curve is, indeed,
independent of parametrizations and normalizations of the curve’s para-
metric representation. If

c̃ = ̺(υ(τ)) ⋅ c(υ(τ)) with ̺(υ(τ)) ∶ I → F

is a reparametrization (combined with renormalization ̺ ∶ I → F) of c,
then

˙̃c =
d̺

dυ

dυ

dτ
⋅ c + ̺ ⋅

dc

dτ

dυ

dt

and the tangent remains unchanged:

[̃c, ˙̃c] = [̺ ⋅ c, d̺
dυ

dυ
dτ ⋅ c + ̺ ⋅

dc
dυ

dυ
dτ ] = [c, ċ] = l.

◾ Example 6.1.1 Cubics in the real affine space.

In the case of conics, the number of common points of the conic with the ideal line determines
the affine type and name. If now F = R, then we can distinguish the following cases:

1. A cubic hyperbola has three real points at infinity.

2. A cubic parabolic hyperbola has exactly two points at infinity.

3. A cubic ellipse has one real point and a pair of complex conjugate points at infinity. If the
complex conjugate pair of points equals a pair of absolute points of Euclidean geometry,

then the cubic is called a cubic circle.

4. A cubic parabola has exactly one real point at infinity. The intersection multiplicity with
the plane at infinity equals three.

The cubics depicted in Figure 6.1 are a cubic hyperbola h (left) and a cubic parabolic hyperbola
p (right). The curves are parametrized by

h(t0, t1) = (t1(t20 − t21) ∶ t30 ∶ t20t1 ∶ t0t21),
p(t0, t1) = (t0t21 ∶ t30 ∶ t20t1 ∶ t31),
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h

h

h
x

y

z

p

p

x

y

z

FIGURE 6.1. Left: A cubic hyperbola h has three points at infinity, and thus,
three asymptotes. Right: A cubic parabolic hyperbola p has exactly two points
at infinity.

in terms of homogeneous coordinates depending on a homogeneous parameter t0 ∶ t1 ≠ 0 ∶ 0.
In terms of affine (or even Cartesian) coordinates and with an affine parameter t = t1t

−1
0

, we
have

h(t) = ( 1

t(1−t2)
, 1

1−t2
, t

1−t2
) , t ∈ R {0,±1},

p(t) = ( 1

t2
, 1

t
, t) , t ∈ R⋆.

The cubic hyperbola h has the three ideal points

f1 = (0 ∶ 1 ∶ 0 ∶ 0), f2,3 = (0 ∶ 1 ∶ ±1 ∶ 1)

with the tangents (asymptotes)

a1 = (u0 ∶ u1 ∶ u0 ∶ 0) ⇔ x3 = x0 − x2 = 0,

a2,3 = (2u0 ∶ u1 ∶ ±u1 − u0 ∶ u1 ∓ 2u0) ⇔ x0 ∓ 2x1 + 2x2 = x0 ∓ x1 ± x3 = 0

with u0 ∶ u1 ≠ 0 ∶ 0.

On the cubic parabolic hyperbola p, we find two points at infinity

f1 = (0 ∶ 0 ∶ 0 ∶ 1), f2 = (0 ∶ 1 ∶ 0 ∶ 0)

with the tangents

a1 = (0 ∶ u0 ∶ u1 ∶ 0) ⇔ x0 = x3 = 0,

a2 = (u0 ∶ 0 ∶ 0 ∶ u1) ⇔ x1 = x2 = 0

with u0 ∶ u1 ≠ 0 ∶ 0.

Figure 6.6 shows a cubic circle (left) and a cubic parabola (right).
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Rational planar cubics

It is well-known (see, for example, [19], [8, p. 232–250], or [22, p. 17–29])
that planar cubic curves with a singularity are rational, i.e., they admit
a rational parametrization. We can state:

Theorem 6.1.2 Any planar rational cubic c′ ⊂ P2(F) with charF ≠ 2 can
be obtained as a linear image of the standard cubic (6.2) in P

3(F).
Proof: Each rational planar cubic c′ can be given in terms of a rational parametrization

c′(t0, t1) = (γ0(t0 ∶ t1) ∶ γ1(t0 ∶ t1) ∶ γ2(t0 ∶ t1)) (6.3)

depending on a homogeneous parameter t0 ∶ t1 ≠ 0 ∶ 0. Herein, γi are cubic forms which can
be written in the monomial basis {t3

0
, t2

0
t1, t0t

2

1
, t3

1
}. Then, it is elementary to find a matrix

P ∈ F3×4 that maps (6.2) to (6.3). Clearly, kerP is the homogeneous coordinate vector of the
center of the projection that maps c to c′. ◾

◾ Example 6.1.2 Rational planar cubics as images of the standard cubic.

c

c′

x

y

z
c

c′

x

y

z
c

c′

x

y

z

FIGURE 6.2. The three types of planar rational cubics are linear images c′ of
the standard cubic c (6.2): Left: the cubic with a node; in the middle: with an
isolated double point; right: the semi-cubic parabola.

There are three different types of planar cubics with singularities:

1. The cubic c′ has an ordinary node, and thus, its equation in normal form reads x0x
2

1
=

x2(x2 − x0)2 (in the plane x3 = 0). It can be parametrized by c′(t0, t1) = (t30 ∶ t1(t20 − t21) ∶
t0t

2

1
∶ 0) with t0 ∶ t1 ≠ 0 ∶ 0. Obviously, c′ is the image of c (given in (6.2)) under the

projection from the point (0 ∶ 1 ∶ 0 ∶ 1) ∈ P3(F) onto the plane x3 = 0.

2. If the planar cubic c′ has an isolated double point n = (1 ∶ 0 ∶ −1 ∶ 0), then its equation
can be given in the normal form x2

1
= x2(x2 + x0)2 (in the plane x3 = 0). The projection

of c (from (6.2)) with center (0 ∶ 1 ∶ 0 ∶ −1) onto the plane x3 = 0 yields c′(t0, t1) = (t30 ∶
t1(t20+t21) ∶ t0t21 ∶ 0), which is a parametrization of c′. The isolated double point is the image

of a projecting chord that carries the complex conjugate pair of points (1 ∶ ±i ∶ −1 ∶ ∓i)
which corresponds to the parameter values t0 ∶ t1 = 1 ∶ ±i on the cubic.
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3. In the case of a semi-cubic parabola c′, i.e., the prototype of a cusped (planar) cubic,
we write the normal form of the equation of c′ as x2

2
= x0x

3

3
(in the plane x1 = 0). A

parametrization of c′ is c′(t0, t1) = (t30 ∶ 0 ∶ t0t21 ∶ t31) and is obtained from (6.2) by the
projection with center (0 ∶ 1 ∶ 0 ∶ 0) onto the plane x1 = 0.

The projections of the standard cubic to the rational planar curves are shown in Figure 6.2.

Remark 6.1.1 In [46, Chapter 7.5], we have seen that rational planar cubics can be obtained

as the images of conics under quadratic Cremona transformations. The relation between the
resolution of singularities on planar curves and quadratic Cremona transformations is obvious.

Remark 6.1.2 The resolution of a singularity (on a cubic) is somehow the reconstruction of

a (rational cubic) space curve c plus the projection that maps c to the planar curve with the
desired singularity. From the case of the semi-cubic parabola, we can deduce that a projection

in the direction of a tangent of a curve (whether cubic or not) results in an image curve with
a cusp. If a fiber of a projection hits a curve twice, the image curve has double point.

● Exercise 6.1.1 Three points in a generic plane.

The curve c (6.2) is a true space curve, i.e., there are no four different coplanar points on the
curve c. This can easily be shown if we choose four different parameter values t0 ∶ ti ≠ 0 ∶ 0

(with i ∈ {1, . . . ,4}) and build the 4 × 4-matrix

V (t0, . . . , t3) =
⎛
⎜
⎝

t3
0

t2
0
t1 t0t

2

1
t3
1

⋮ ⋮

t3
0

t2
0
t4 t0t

2

4
t3
4

⎞
⎟
⎠

whose rows contain the homogeneous coordinates of the four corresponding points on the curve

c. The matrix V (t0, . . . , t3) is known as the Vandermonde matrix, and its determinant equals
the product

detV (t0, . . . , t3) =∏
i<j

(ti − tj).

Therefore, detV (t0, . . . , t3) vanishes if, and only if, ti = tj for at least one pair of indices. This
would be the case if two points are identical, or equivalently, two corresponding parameter
values are proportional. This holds true even if one of the four points is replaced by c’s only

point at infinity (0 ∶ 0 ∶ 0 ∶ 1).
In this case the parameters t0 ∶ ti are scaled in such way that the first coordinate equals t0 for
all four points. This is admissible as long as no homogeneous parameter equals (0 ∶ τ).

Cubic Bézier curves

The homogeneous parameter t0 ∶ t1 in (6.2) and in any other cubic can
be replaced by an inhomogeneous (affine) parameter t = t1t

−1

0
. Thus, the

coordinate functions become univariate polynomials and can be written
either in the monomial basis {1, t, t2, t3} or in the geometrically favorable
Bernstein basis {(1 − t)3,3t(1 − t)2,3t2(1− t), t3}, see [38]. Consequently,
we can state:

Theorem 6.1.3 Each rational cubic space curve and each rational planar
cubic is a rational cubic Bézier curve.
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6.2 Quadrics containing a cubic

Q3

Q2

Q1

c

l

FIGURE 6.3. The prototype of a cubic space curve is obtained as the intersec-
tion of the three quadrics Q1, Q2, and Q3.

In the following, almost all results on cubic space curves can be deduced
from the standard cubic (6.2), according to Theorem 6.1.1. Now, we
shall have a look at the coordinate functions of (6.2) and ask for relations
among them. Therefore, we let xi = t

3−i
0

ti
1

(with i ∈ {0,1,2,3}) and find

Q1 ∶ x
2
2
− x1x3 = 0, Q2 ∶ x

2
1
− x0x2 = 0,

Q3 ∶ x1x2 − x0x3 = 0.
(6.4)

The various possible choices of commutative fields F may change the
appearance and properties of the quadrics as well as those of the cubic.

The quadrics Q1 and Q2 are quadratic cones with vertices (1 ∶ 0 ∶ 0 ∶ 0)
and (0 ∶ 0 ∶ 0 ∶ 1), respectively. The third quadric Q3 is a ruled quadric (a
hyperbolic paraboloid if we choose x0 = 0 as the plane at infinity).

The set of common points of Q1 and Q2 is the union of the straight line
l with the parametrization

l(t0, t1) = (t0 ∶ 0 ∶ 0 ∶ t1), t0 ∶ t1 ≠ 0 ∶ 0 (6.5)
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and the standard cubic c given in (6.2). Therefore, two quadratic equa-
tions out of the three (6.4) are not sufficient in order to describe only the
cubic curve c.

This fits well with Bézout’s theorem, according to which the intersection
of two quadrics has to be an algebraic curve of degree four. In this case,
the curve of degree four splits into the straight line l and the cubic curve
c. We observe that the tangent plane of Q1 along the line l equals x1 = 0

and that of Q2 along l is x2 = 0. So, the two cones do not touch each
other along l. At this point we note:

Corollary 6.2.1 The quartic intersection of two quadratic cones that are
in line contact along a generator l consists of l with multiplicity two and
a further planar curve of degree two, i.e., a conic.

Proof: Without loss of generality, we may assume that the two quadratic cones are given by

Γ0 ∶ x
TAx = 0 and Γ3 ∶ x

TBx = 0, (6.6)

with symmetric and regular matrices A,B ∈ F4×4, x = (0, x1, x2, x3), and x = (x0, x1, x2,0).

B0 B3

Γ0

Γ3

c0

c3

l

c

FIGURE 6.4. The two quadratic cones Γ0 and Γ3 are in contact along a common
generator l share a conic c.

The vertex of the cone Γ0 is the point B0 = (1 ∶ 0 ∶ 0 ∶ 0); the vertex of Γ3 is the point
B3 = (0 ∶ 0 ∶ 0 ∶ 1). We denote the entries of A and B by aij and bij . If the line l = [B0,B3]
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Corresponding points of confocal quadrics

As a first step, we pay attention to the fact that, for any two confocal reg-
ular quadrics Q,Q′ of the same type in E

3, e.g., for two confocal ellipsoids,
there is an axial scaling γ ∶ (x, y, z) ↦ (λ1x, λ2y,λ3z) with coefficients
λi ∈ R, which maps Q onto Q′, while the axes of the coordinate frame re-
main fixed. In the case of confocal parabolic quadrics, we have to combine
the scaling of the x- and y-coordinates with an appropriate translation
along the z-axis in order to obtain again an affine transformation γ with
Q ↦Q′, which preserves the planes of symmetry.

We generalize to the Euclidean n-space, n ≥ 2:

(i) Let Q be a regular central quadric in E
n. By virtue of Theorem 3.1.1

and by analogy to (7.1), the family of confocal quadrics of Q can be
represented as

F (x, k) ∶=
n

∑
i=1

εi
x2i

a2i + εik
− 1 = 0, (7.13)

where the sequence of coefficients ε1, . . . , εn with εi ∈ {+1,−1} follows from
the condition that F (x,0) = 0 is the equation of the given quadric Q. If
F (x, k′) = 0 defines a confocal quadric Q′ of the same type as Q, the
parameter k′ must be sufficiently close to 0, or to be precise, a2i + εik

′
> 0

for all i. Then, the n-dimensional version of the axial scaling

γ ∶ x = (x1, . . . , xn)↦ x
′
= (x′1, . . . , x

′
n)

is defined by

x′2i =
a2i + εik

′

a2i
x2i for all i = 1, . . . , n. (7.14)

This guarantees that x ∈ Q, i.e., F (x,0) = 0, implies γ(x) ∈ Q′, hence
F (x′, k′) = 0.
(ii) In the case of a regular parabolic quadric Q in E

n, the confocal family
is given by

Fp(x, k) ∶=
n−1

∑
j=1

εj
x2j

a2j + εjk
− 2xn − k = 0. (7.15)

To obtain an affine transformation which fixes again all planes of symme-
try, we set

x′2j =
a2j + εjk

′

a2j
x2j for j = 1, . . . , n − 1 and x′n = xn +

k − k′

2
. (7.16)



georg.glaeser@uni-ak.ac.at

296 Chapter 7: Confocal quadrics

(iii) Let Q be a conical quadric in E
n with a 0-dimensional apex at the

origin. Then, the confocal family can be defined by

Fc(x, k) ∶=
n

∑
i=1

εi
x2i

a2i + εik
= 0 (7.17)

with Q as Fc(x,0) = 0. The confocal cone Q′ of the same type satisfies
F (x, k′) = 0. We define the affine transformation γ ∶ Q ↦Q′ by (7.14).

It is easy to see that, for the definitions of confocal central, parabolic,
and conical quadrics in E

n, as given above, the Definition 7.1.1 is still
valid for all planes spanned by two coordinate axes. More generally, we
can state that the intersections of confocal quadrics with each subspace,
spanned by k coordinate axes with k < n, are again confocal.

In each of the three cases listed above, the scaling γ is not unique since
the coefficients λi with

λ2

i =
a2i + εik

′

a2i
, i = 1, . . .

need not be positive (Figure 7.9). Some λi can even be zero, e.g. in E
3,

when Q is an ellipsoid and Q′ covers the closed interior of the focal ellipse.

We can also extend the definition of γ to the ‘cylindric’ cases, where the
sums in (7.13) and (7.17) go from 1 to r < n and those in (7.15) from 1 to
r − 1 < n − 1. Then, the respective transformations of x1, . . . , xr, as given
above, are completed by

x′k = xk for k = r + 1, . . . n. (7.18)

The following definition refers to the affine transformations γ and origi-
nates from classical literature on this topic (see, e.g., [66] or [35, p. 116]).

Definition 7.2.1 Let Q and Q′ be two confocal quadrics of the same
type in E

n. The pointset Q′ can even be an adjacent flat limit, related to
a singular quadric in the confocal range.
If γ denotes a fixed affine transformation Q ↦ Q′, as defined above in
(7.14) and (7.16) with the extension (7.18) for cylindrical cases, then the
points X ∈ Q and X ′ ∶= γ(X) ∈ Q′ are called corresponding points of the
pair of confocal quadrics (Q,Q′) (Figure 7.9).
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Y Y ′

c
c′

c
c′

X

X ′
Y
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FIGURE 7.9. Examples of corresponding points on two confocal conics c, c′.

It means no restriction to exclude quadrics of revolution, i.e., cases with
equal semiaxes ai = aj for i ≠ j. This is so because otherwise γ preserves
all hyperplanes of the pencil spanned by xi = 0 and xj = 0, and each of
these (n − 1)-dimensional ‘meridian hyperplanes’ shows congruent trans-
formations X ↦X ′ between corresponding points. The same happens in
‘cylindric cases’ r < n in the hyperplanes from xr+1 = const. to xn = const.
In the following lemma, this case is also excluded.

Lemma 7.2.1 Let X and X ′ be corresponding points of two confocal
quadrics Q and Q′ of the same type, where Q is neither cylindric nor
a surface of revolution. Then, all other n − 1 confocal quadrics, passing
through X, also contain the point X ′. In the conical case, the n-th quadric
through X is a sphere centered at the origin.

Proof: It is sufficient to show that the equations F (x,0) = 0 and F (x, k) = 0 with k ≠ 0 imply
F (x′, k) = 0 for x′ = γ(x) with F (x′, k′) = 0.
(i) In the case of central quadrics, this follows from an identity which expresses F (x′, k),
defined in (7.13), as an affine combination

F (x′, k) = k′

k
F (x,0) + (1 − k′

k
) F (x, k).

This identity can readily be verified by (7.14) as

1

a2
i
+ εik

x′ 2i =
a2i + εik

′

a2
i
(a2

i
+ εik) x

2

i = [ k′

ka2
i

+
k − k′

k(a2
i
+ εik)]x

2

i for all i = 1, . . .

(ii) It is easy to see that the affine combination, as given above, is also valid for the function
Fp from (7.15), since the identity holds for the included non-quadratic terms.

(iii) Concerning the case of confocal cones, the same affine combination works for the function
Fc. We note that corresponding points have the same distance to the common apex at the
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origin, because, by virtue of (7.14),

n

∑
i=1

x′2i =
n

∑
i=1

a2i + εik
′

a2
i

x2

i =

n

∑
i=1

x2

i + εik
′

n

∑
i=1

x2

i

a2
i

=

n

∑
i=1

x2

i ,

due to x being a point of Q ∶ Fc(x,0) = 0.
All spheres centered at the apex, and therefore orthogonal to all cones in the family, complete
the family of confocal cones to an n-fold orthogonal system of hypersurfaces in E

n. Two of
these spheres can also be seen as confocal quadrics Q,Q′, and points x ∈ Q and x′ ∈ Q′ on the
same diameter are corresponding. ◾

As a direct consequence of Lemma 7.2.1, we can state, in terms of elliptic
coordinates:

Corollary 7.2.2 If X and X ′ are corresponding points of two confocal
quadrics Q and Q′ in E

3, then the related elliptic coordinates of X and
X ′ differ in no more than one coordinate.

This condition is not sufficient since, due to (7.11) and (7.12), the elliptic
coordinates only depend on the squared Cartesian coordinates of the two
points, apart from the last coordinate in the parabolic case.7

Any two scalings γ1, γ2 related to two confocal conics or quadrics out of a
confocal family satisfy γ1 ○γ2 = γ2 ○γ1. Therefore, if γ1 ∶ X ↦ X ′, Y ↦ Y ′,
and γ2 ∶ X ↦ Y , then also γ2 ∶ X ′ ↦ Y ′. This means for any Ivory
quadrangle (see Figure 7.8): If (X,X ′) and (Y,Y ′) are corresponding
w.r.t. two confocal conics or quadrics, and if the elliptic coordinates of
X and Y differ in one coordinate at most, then (X,Y ) and (X ′, Y ′) are
pairs of corresponding points w.r.t. two other confocal conics or quadrics.

In the three-dimensional case, the Ivory quadrangles are replaced by
curved rectangular boxes, so-called Ivory boxes, as displayed in Fig-
ure 7.10 with the vertices A, . . . ,D on the ellipsoid E and the correspond-
ing points A′, . . . ,D′ on the confocal ellipsoid E ′. Ivory’s Theorem im-
plies AC ′ = A′C and BD′ = B′D. Furthermore, since the pairs (A,B)
and (D′,C ′) are corresponding points of two confocal one-sheeted hyper-

7Usually, a curved quadrangle XX′Y ′Y formed by two pairs of corresponding points is called
Ivory quadrangle. For example, in the two-dimensional case, it is not sufficient to speak of

a quadrangle bounded by two pairs of confocal conics. Ivory’s theorem (Figure 7.8) is valid
only for curvilinear quadrangles formed by ‘arcs semblables’, according to [26], which means
that opposite arcs are corresponding under an affine transformation γ, as defined above.
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FIGURE 7.10. Curved Ivory box in E
3 with its four diagonals of equal lengths.

boloids, we obtain AC ′ = BD′. Therefore, all four spatial diagonals are
of equal lengths.

Configurations of bipartite frameworks

Theorem 7.2.1 (Configuration theorem of bipartite frameworks
in E

n) Let F0 be a complete bipartite framework of combinatorial type
Kn+1,q+1 in E

n, i.e., consisting of two disjoint sets of knots together with
bars connecting every two knots from different classes. Suppose that this
framework with given bar lengths admits two non-congruent configurations
F and F ′ in E

n. This means that the classes of knots {X0, . . . ,Xn},
{Y0, . . . , Yq} of F and {X ′

0
, . . . ,X ′n}, {Y

′
0
, . . . , Y ′q } of F ′ satisfy the (n +

1)(q + 1) quadratic equations

l2ik =X
′
iY
′
k

2

=XiYk
2

for all i ∈ {0, . . . , n} and k ∈ {0, . . . , q}. (7.19)

If the knots X0, . . . ,Xn are supposed to form a simplex in E
n and q ≥ 1,

then the following holds true:

1. There is an appropriate motion β ∶ En → E
n of the knots of F ′ such

that, for all (i, k), the knots Xi ↦ β(X ′i) and β(Y ′k) ↦ Yk are corre-
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sponding points of two confocal quadrics X and Y of the same type (see
Figure 7.11).

2. For any r, s ∈ N, the framework F0 can be extended to a complete
bipartite framework F̃ of type Kn+r+1, q+s+1 which still admits two
non-congruent configurations F̃ , F̃ ′ when F̃ arises from F by adding
knots Xn+1, . . . ,Xn+r on X and Yq+1, . . . , Yq+s on Y, while the knots
β(X ′n+1), . . . , β(X

′
n+r) and β(Y ′q+1), . . . , β(Y

′
q+s) of β(F̃ ′) are specified

as respectively corresponding points.

3. For knots of the second class, this is the only choice for extending F0,
i.e., for any pair of points Y , Y ′, the distance conditions

X ′iY
′
=XiY for all i ∈ {0, . . . , n}

imply Y ∈ Y and Y ′ ∈ β−1(X ).

X0

X1

X2
Y0

Y1

β(X ′0)

β(X ′1)
β(X ′2)

β(Y ′0)

β(Y ′
1
)

X ′
0

X ′
1

X ′
2

Y ′
0

Y ′
1

α
α∗

β

X

Y

X ′

β−1(X )

FIGURE 7.11. Illustrating Theorem 7.2.1 for dimension n = 2.

Proof: We use two Cartesian coordinate frames in E
n, one for each configuration. Let xi and

yk denote the respective position vectors of the knots Xi and Yk of F and x′i,y
′

k
those of the

knots X′i, Y
′

k
of F ′. Then, the equations (7.19) are equivalent to

(xi − yk)2 = (x′i − y′k)2 for all i ∈ {0, . . . , n} and k ∈ {0, . . . , q}. (7.20)

After subtracting from the equation for the indices (0, k) that for the indices (i, k), we obtain

x2

0 − x
2

i + 2 ⟨xi − x0, yk⟩ = x′20 − x′ 2i + 2 ⟨x′i − x′0, y′k⟩ , i = 0, . . . , n . (7.21)

For each k, this can be seen as a fixed system of n linear equations for the unknown vector
yk. For given y′

k
, this system has a unique solution, since X0, . . . ,Xn is supposed to form a
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simplex. In order to express this solution in an appropriate form, we take into account that
there is a unique affine transformation

α ∶ En → E
n, x↦ α(x) = a′ + l(x) with xi ↦ x′i for all i ∈ {0, . . . , n}. (7.22)

Here, l denotes the induced linear map defined by l(xi − x0) = x′i − x′
0

for i = 1, . . . , n. Let

l∗ ∶ Rn → R
n be the adjoint map satisfying

⟨u, l∗(v′)⟩ = ⟨l(u), v′⟩ for all u,v′ ∈ Rn. (7.23)

In the case q ≥ 1, we subtract from (7.21) the equation for k = 0 and obtain

⟨xi − x0, yk − y0⟩ = ⟨l(xi − x0), y′k − y′0⟩ for all i ∈ {1, . . . , n} and k ∈ {1, . . . , q}. (7.24)

Then, we can fulfill all equations (7.24) by setting

yk − y0 = l
∗(y′k − y′0) for all k ∈ {1, . . . , q}.

This adjoint map l∗, together with one pair y′
0
↦ y0 of points, defines the affine transformation

α∗ ∶ En → E
n, y′ ↦ α∗(y′) = b + l∗(y′) with y′k ↦ yk for all k ∈ {0, . . . , q}. (7.25)

We call α and α∗ “adjoint” affine transformations. This results in the necessary condition:

Lemma 7.2.3 Let F , F ′ in E
n be two non-congruent configurations of

the bipartite framework F0, as defined in Theorem 7.2.1. Then, there are
two adjoint affine transformations α, α∗ with

α ∶ Xi ↦X ′i for all i = 0, . . . , n and α∗ ∶ Yk ↦ Y ′k for all k = 0, . . . , q.

Neither α nor α∗ is an isometry.

Proof: (Proof of the last statement.) Let us assume that α is an isometry. We can specify the
coordinate frame of F ′ such that x′i = xi holds for all i = 0, . . . , n. Then, (7.21) gives rise to a
homogeneous system of linear equations

⟨xi − x0, yk − y
′

k⟩ = 0 for each k ∈ {0, . . . , q},
which admits only the trivial solution y′

k
= yk. The two configurations F , F ′ are congruent,

thus contradicting the initial assumption. ◾

We continue the proof of Theorem 7.2.1 and replace x′i by α(xi) and yk with α∗(y′
k
) in the

distance equations (7.20). Thus, we obtain, by virtue of (7.22) and (7.25),

∥xi∥2 − 2 ⟨xi, b + l∗(y′k)⟩ + ∥b + l∗(y′k)∥2 = ∥a′ + l(xi)∥2 − 2 ⟨a′ + l(xi), y′k⟩ + ∥y′k∥2,
or, because of ⟨xi, l

∗(y′
k
)⟩ = ⟨l(xi), y′k⟩ due to (7.23),

∥xi∥2 − ∥l(xi)∥2 − 2 ⟨xi, b⟩ − 2 ⟨l(xi), a′⟩ + ∥b∥2
= ∥y′

k
∥2 − ∥l∗(y′

k
)∥2 − 2 ⟨y′

k
, a′⟩ − 2 ⟨l∗(y′

k
), b⟩ + ∥a′∥2.

This equation holds for all i ∈ {0, . . . , n} and all k ∈ {0, . . . , q}. Since the left-hand side depends
on the index i and the right-hand side only on k, both sides must equal a constant C. This
results in two quadratic functions

f(x) ∶= ∥x∥2 − ∥l(x)∥2 − 2 ⟨x, b + l∗(a′)⟩ + ∥b∥2 −C,

g′(y′) ∶= ∥y′∥2− ∥l∗(y′)∥2− 2 ⟨y′, a′ + l(b)⟩ + ∥a′∥2−C and
f(xi) = 0 ∀i = 0, . . . , n ,

g′(y′
k
) = 0 ∀k = 0, . . . , q. (7.26)
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Conversely, for all x,y′ ∈ Rn, the equations f(x) = g′(y′) = 0 imply

∥x − α∗(y′)∥ = ∥α(x) − y′∥.
In what follows, we will see that this is precisely Ivory’s Theorem for corresponding points of

confocal surfaces in E
n (see [127, p. 208]). The forgoing results are summarized below.

Lemma 7.2.4 Let α and α∗ be adjoint affine transformations according
to (7.22) and (7.25). Then, for any x0, . . . ,xp,y

′
0
, . . . ,y′q ∈ R

n, the points

x0, . . . ,xp, α
∗(y′0), . . . , α

∗(y′q) and α(x0), . . . , α(xp),y′0, . . . ,y
′
q in E

n

form two configurations of a complete bipartite framework of combinato-
rial type Kp+1, q+1, i.e.,

∥xi −α∗(y′k)∥ = ∥α(xi) − y′k∥ for all i ∈ {0, . . . , p} and j ∈ {0, . . . , q},

if, and only if, there is a constant C such that for the quadratic functions
f and g′, as defined in (7.26), the following equations hold true:

f(xi) = 0, ∀i = 0, . . . , p and g′(y′k) = 0, ∀k = 0, . . . , q.

In order to determine the geometric meaning of the equations f(x) = 0 and g′(y′) = 0 , we
specify the coordinate systems associated with the two configurations F and F ′. It is well-
known that the composition of the two linear maps l∗○l ∶ Rn → R

n is self-adjoint since

⟨u, l∗○l(v)⟩ = ⟨l(u), l(v)⟩ = ⟨l∗○l(u), v⟩ for all u,v ∈ Rn.

There is an orthonormal basis of eigenvectors e1, . . . ,en satisfying

l∗○l(ei) = λ2

i ei with λ2

i = ⟨l(ei), (ei)⟩ ≥ 0,
because of

⟨l(ei), l(ej)⟩ = ⟨l∗○l(ei), ej⟩ = λ2

i ⟨ei, ej⟩ = λ2

i δij . (7.27)

We assume

λ1 = ⋅ ⋅ ⋅ = λs = 0, λs+1, . . . , λr ≠ 0,1, λr+1 = ⋅ ⋅ ⋅ = λn = 1 with 0 ≤ s ≤ r ≤ n and r ≥ 1, (7.28)

because of l∗○l ≠ idR
n, according to Lemma 7.2.3. Obviously, ∣λs+1∣, . . . , ∣λn∣ are the singular

values of the linear map l.

The eigenvectors es+1, . . . ,en have mutually orthogonal images l(es+1), . . . , l(en) due to
(7.27). Thus, there is also an orthonormal basis e′

1
, . . . ,e′n such that

l(ei) = λie
′

i and l∗(e′k) = λkek for all i, k ∈ {1, . . . , n}. (7.29)

We use e1, . . . ,en and e′
1
, . . . ,e′n as the basis vectors of the two Cartesian coordinate frames

associated with F and F ′, respectively. With regard to an appropriate choice of the origin,

we distinguish two cases:
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Case 1: The affine transformation α∗○α ∶ En → E
n keeps a point f fixed :

Then, we choose f as the origin of the coordinate frame for F and α(f) as the origin for F ′.
Due to (7.29), we obtain

α ∶ x = f +
n

∑
i=1

xiei ↦ α(x) = α(f) +∑n
i=1 λixie

′

i ,

α∗ ∶ y′ = α(f) + n

∑
k=1

y′ke
′

k ↦ α∗(y′) = f +∑n
k=1 λky

′

k
ek .

(7.30)

A comparison with (7.22) and (7.25) yields a′ = b = 0. Thus, because of (7.28), the coordinate

representations of the quadratic functions in (7.26) is

f(x) = x2

1 + ⋅ ⋅ ⋅ + x
2

s + (1 − λ2

s+1)x2

s+1 + ⋅ ⋅ ⋅ + (1 − λ2

r)x2

r −C = g
′(x). (7.31)

The equation f(x) = 0 defines a non-parabolic quadric X . Its affine image X ′ ∶= α(X) is

for s = 0: f ′(x′) ∶= 1 − λ2

1

λ2

1

x′2
1
+ ⋅ ⋅ ⋅ +

1 − λ2
r

λ2
r

x′2r −C = 0,

for s > 0: x′
1
= ⋅ ⋅ ⋅ = x′s = 0 and f ′(x′) ∶= 1 − λ2

s+1

λ2

s+1

x′2s+1 + ⋅ ⋅ ⋅ +
1 − λ2

r

λ2
r

x′2r −C ≤ 0.

(7.32)

In the “singular” case s > 0, the symbol ∂X ′ denotes the boundary of X ′ = α(X), i.e., the set

∂X ′ = {x′ = (0, . . . ,0, x′s+1, . . . , x′n) ∣ f ′(x′) = 0}.
Now we move the second configuration such that the coordinate frame associated with F ′
coincides with that of F . This motion is denoted by β (see Figure 7.11). Then, because of

λ2

i

1 − λ2

i

=
1

1 − λ2

i

− 1 for i = 1, . . . , r ,

the quadric X and the displaced affine image Y ∶= β○α(X ), or ∂Y if s > 0, are confocal in E
n.

If C ≠ 0, we obtain a central quadric X , and the comparison with (7.13) reveals

εia
2

i =
C

1 − λ2

i

, εi(a2i + εik) = Cλ2

i

1 − λ2

i

= εia
2

i −C, hence k = −C.

For a conical quadric in the case C = 0, we obtain, by virtue of (7.17),

εia
2

i =
1

1 − λ2

i

, εi(a2i + εik) = λ2

i

1 − λ2

i

= εia
2

i − 1, hence k = −1.

.

Case 2: There is no fixed point of

α∗○α ∶ x ↦ b + l∗(a′ + l(x)) = b + l∗(a′) + l∗○l(x).
This means that the system of linear equations

(l∗○l − idR
n) (x) = −b − l∗(a′)

has no solution, i.e., the rank r of (l∗○ l − idR
n) is smaller than n, and therefore, 1 is an

eigenvalue of l∗○l and

d ∶= −b − l∗(a′) /∈ (l∗○l − idR
n)(Rn) = [e1, . . . ,er].

We decompose

d = d0 + d1 such that d0 ∈ [e1, . . . ,er] and d1 ∈ [er+1, . . . ,en]
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with d1≠0. We fix the origin f of the coordinate frame associated with F as a solution to

(l∗○l − idR
n)(f) = d0, i.e., l∗○l(f) = f + d0.

Furthermore, we modify the basis vectors er+1, . . . ,en in the eigenspace of 1 such that d1 =

−2aen with a ≠ 0. This implies

α∗○α(f) = −d0 − d1 + l
∗
○l(f) = −d1 + f = 2aen + f .

Let f ′ ∶= α(f) − ae′n be the origin of the coordinate frame associated with F ′. Then, we get
with (7.29) and λn = 1

α(f) = f ′ + ae′n and α∗(f ′) = α∗○α(f) − a l∗(e′n) = f + aen,
and hence, a′=ae′n in (7.22), b=aen in (7.25), b+l∗(a′)=2aen. From (7.26), we obtain

f(x) = x2

1 + ⋅ ⋅ ⋅ + x
2

s + (1 − λ2

s+1)x2

s+1 + ⋅ ⋅ ⋅ + (1 − λ2

r)x2

r − 4axn +D = g
′(x) (7.33)

with D ∶= a2 −C. The image X ′ of the quadratic surface X ∶ f(x) = 0 under

α ∶ (x1, . . . , xn)↦ (x′1, . . . , x′n) = (0, . . . ,0, λs+1xs+1, . . . , λrxr , xr+1, . . . , xn−1, xn + a)
satisfies

x′1 = ⋅ ⋅ ⋅ = x
′

s = 0, f ′(x′) ∶= 1 − λ2

s+1

λ2

s+1

x′2s+1 + ⋅ ⋅ ⋅ +
1 − λ2

r

λ2
r

x′2r − 4a(x′n − a) +D ≤ 0, (7.34)

where equality holds in the regular case s = 0 only.

X0

X1

X2

Y0

Y1

X̃2

β(X ′0)

β(X ′1)

β(X ′2)
β(Y ′0)

β(Y ′
1
)X

Y

FIGURE 7.12. Theorem 7.2.1 in the parabolic case (Case 2).

Again, we apply to F ′ an isometry β which lets the two coordinate frames coincide. Then,
a comparison with (7.15) reveals that, after replacing xn with x̃n = xn − D/4a, we obtain
confocal parabolic quadrics with

εia
2

i =
2a

1 − a2
i

and k = −2a,

(see Figure 7.12).

In the cases 1 and 2, the points xi ↦ β(x′i) and β(y′j)↦ yj are corresponding in the sense of
Definition 7.2.1. This proves
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Lemma 7.2.5 Let F , F ′ in E
n be two non-congruent configurations as

defined in Theorem 7.2.1. There is an isometry β ∶ En → E
n such that the

knots of F and β(F ′) are corresponding points of two confocal quadrics
X and Y with

X0, . . . ,Xn, β(Y ′0), . . . , β(Y
′
q ) ∈ X and β(X ′0), . . . , β(X

′
n), Y0, . . . , Yq ∈ Y.

Remark 7.2.1 After applying β, the affine transformations α and α∗ coincide, or more pre-
cisely,

β○α = α∗○β−1 = (β○α)∗.
The last equation results from β−1 = β∗ for isometries and (β○α)∗ = α∗○β∗. Therefore, the

affine transformation β○α is self-adjoint (compare with [120]).

Thus, Theorem 7.2.1 is a consequence of Lemmas 7.2.3, 7.2.4, and 7.2.5. ◾

Remark 7.2.2 Item 3 in Theorem 7.2.1 is not valid when F and F ′ are exchanged and the
span of {Y0, . . . , Yq} has a dimension < n. The underlying reason is that the reflection in the
span of these q + 1 points sends X to a point X̃, which again satisfies

X̃Yj =XYj =X′Y
′

j
for all j = 0, . . . , q ,

though X̃ need not be a point of X (note, e.g., the point X̃2 in Figure 7.12). Of course, the
reflection in question can be replaced by any other motion which keeps the span fixed.

Lemma 7.2.6 Let F , F ′ in E
n be two non-congruent configurations of

a bipartite framework, as defined in Theorem 7.2.1. Two different knots
Xi,Xj of F share their distance with the corresponding points of X ′i ,X

′
j of

F ′ if, and only if, the spanned line [Xi,Xj] is a generator of the quadric
X , i.e.,

XiXj =X
′
iX
′
j ⇐⇒ [Xi,Xj] ⊂ X .

Similarly, for Y ′i , Y
′
j ∈ F

′ with i ≠ j and the corresponding points Yi, Yj ∈

F , we have

Y ′i Y
′
j = YiYj ⇐⇒ [Y ′i , Y

′
j ] ⊂ β

−1(X ).

Proof: The statement [Xi,Xj] ⊂ X is equivalent to f (λxi + (1 − λ)xj) = 0 for all λ ∈ R. From
(7.26) and f(xi) = f(xj) = 0, we get

f (λxi + (1 − λ)xj)
= ∥λxi + (1 − λ)xj∥2 − ∥l (λxi + (1 − λ)xj) ∥2 − 2 ⟨λxi + (1 − λ)xj , b + l∗(a′)⟩ + ∥b∥2 −C
= λ2[∥xi∥2 − ∥l(xi)∥2] + (1 − λ)2[∥xj∥2 − ∥l(xj)∥2] + 2λ(1 − λ) [⟨xi, xj⟩ − ⟨l(xi), l(xj)⟩]
− λ[∥xi∥2 − ∥l(xi)∥2] − (1 − λ)[∥xj∥2 − ∥l(xj)∥2]
= λ(1 − λ) [−∥xi∥2 − ∥xj∥2 + ∥l(xi)∥2 + ∥l(xj)∥2 + 2 ⟨xi, xj⟩ − 2 ⟨l(xi), l(xj)⟩]
= λ(λ − 1) [∥xi − xj∥2 − ∥l(xi) − l(xj)∥2] = λ(λ − 1) [(xi − xj)2 − ∥α(xi) − α(xj)∥2] ,
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which yields the equivalence

[Xi,Xj] ⊂ X ⇐⇒ ∥xi − xj∥ = ∥α(xi) − α(xj)∥.
The analogous computation shows that [Y ′i , Y ′j ] ⊂ β−1(X ) is equivalent to YiYj = Y

′

i
Y ′
j
. This is

also a consequence of statements 2 and 3 in Theorem 7.2.1, as YiYj = Y
′

i
Y ′
j

implies congruent

triangles YiYjXk = Y ′i Y
′

jX
′

k
for each k ∈ {0, . . . , n}. Therefore, for any point Y of the line[Yi, Yj] and its image Y ′ ∈ [Y ′i , Y ′j ] under the isometry [Yi, Yj] → [Y ′i , Y ′j ] with Yi ↦ Y ′i and

Yj ↦ Y ′j , we have Y Xk = Y
′X′

k
, and therefore, Y ′ ∈ β−1(X ). ◾

In order to avoid confusion with the notation, one needs to note that, pre-
viously, pairs of corresponding points on confocal quadrics were denoted
by X ↦X ′, Y ↦ Y ′. . . with X,Y ∈ Q and X ′, Y ′ ∈ Q′. With regard to bi-
partite frameworks, primes indicate the knots of the second configuration.
Consequently, by virtue of the Configuration Theorem 7.2.1, we obtained
corresponding knots of the first class in the order Xi ↦X ′i , while, for cor-
responding knots of the second class, the order was reversed as Y ′j ↦ Yj,
where Xi, Y

′
j ∈ X and X ′i , Yj ∈ Y. In the upcoming subsection, we return

to the original notation.

Ivory’s Theorem

This famous theorem can be directly extracted from Theorem 7.2.1. Be-
low, we combine it with Lemma 7.2.6.

Theorem 7.2.2 (Ivory’s Theorem in E
n)

Let (X,X ′) and (Y,Y ′) be two pairs of corresponding points of confocal
quadrics Q, Q′ in the sense of Definition 7.2.1, i.e., with the affine trans-
formation γ ∶ Q → Q′, X ↦ X ′, and Y ↦ Y ′. Then, we obtain equal
distances

XY ′ =X ′Y .

In addition, XY = X ′Y ′ for X ≠ Y if, and only if, the line [X,Y ] is a
generator of Q.

It is surprising that Ivory’s Theorem is also valid on a quadric’s surface,
when, e.g. in E

3, the conics are replaced by curvature lines and the straight
diagonals with geodesics (Figure 7.13), while the vertices still form an
Ivory quadrangle. The most general form of Ivory’s Theorem on surfaces
is valid for Liouville nets and, in the case of higher dimensions, for Stäckel
nets. For further details and references, see [67, p. 21]. The same holds
for Graves’s construction (cf. planar version in [46, p. 45]). We revisit
here Graves’s construction on ellipsoids:
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FIGURE 7.13. Ivory’s Theorem is also valid on a quadric’s surface.

Theorem 7.2.3 Let a line of curvature e0 on the ellipsoid E be given as
well as a closed piece of string strictly longer than the perimeter of e0,
but sufficiently short. Then, the locus of a point P used to pull the string
taut around e0 is again a line of curvature e (Figure 7.14).

When e0 shrinks to the elliptic arc terminated by two adjacent umbilic
points, Graves’s construction turns into the “gardener’s construction”
[46, Fig. 1.8]. This reveals that the curvature lines are geodesic ellipses
and hyperbolas, i.e., along each line of curvature, either the sum or the
difference of the geodesic distances to non-antipodal umbilic points U1

and U2 is constant (see, e.g., [7, p. 521]).
Proof: We proceed similarly to the proof of the planar version in [46, p. 45]. In each pose,
the string is composed of an arc along the curve e0 terminated by points T1 and T2, and two
contacting geodesics which connect T1 and T2, respectively, with the point P . By virtue of
Theorem 7.1.4 and Corollary 7.1.2, the tangents to these two geodesics at P (note Figure 7.14)

are symmetric w.r.t. the principal curvature tangents of E at P .

Let us cut the taut string in our imagination at P . First, we focus on the left-hand part,

which follows, from an initial point on e0, the line of curvature e0 and, from point T1 onward,
the geodesic. We assume that the initial point of this left-hand part is attached to e0, which
prevents the string from sliding on e0. If we keep the string under tension and try to move the
point P , then T1 varies on e0, and consequently, the geodesic between T1 and P varies on E.
However, it remains tangent to e0. Since the arc length along the string is preserved, a point
P , fixed on the string, traces an orthogonal trajectory of the geodesics, due to a theorem by

Gauss concerning geodesic parallel coordinates [82, p. 160]. Therefore, the tangent vector to
this trajectory at P is orthogonal to the geodesic.

However, in Graves’s construction, the point P varies also relative to the string. Therefore,
w.r.t. the left-hand part, the absolute velocity vector v of P is the sum of the velocity vector

v1 along the string and an orthogonal component.
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FIGURE 7.14. Graves’s construction on the ellipsoid.

The same holds for the right-hand part of the string. Thus, we obtain a second decomposition
of v into two orthogonal components. One of them, the vector v2, is tangent to the second
geodesic through P . Because of the constant total length of the string, the vectors v1 and v2

are of equal lengths. Furthermore, if the length of one part increases, that of the other part
must decrease by the same amount. The symmetry of the two decompositions of v reveals (see

Figure 7.14) that v bisects the exterior angle between the geodesics. Thus, at each position
the path of P contacts a principal curvature tangent. The path must be an integral curve of
the set of principal curvature tangents on E, and hence a line of curvature. ◾

The same arguments can be used for proving Graves’s construction for
other regular quadrics, provided that e0 is a closed line of curvature.
Otherwise, on paraboloids, one has to replace the Graves condition by

PT1 + PT2 −
T1T2 = const.,

where the
T1T2 denotes the length of the arc along e0 between T1 and T2,
while PTi, i = 1,2 , denotes the lengths of the connecting geodesic arcs.

Remark 7.2.3 The line of curvature e0 on the ellipsoid E can be the intersection either with
a one-sheeted or a two-sheeted hyperboloid. It can happen that, for a sufficiently long string,
the contact points T1 and T2 coincide in a particular position, and when moving further, the
string slips over the ellipsoid. As a consequence, not every point on the ellipsoid E in the
exterior of e0 needs to be reached by Graves’s construction with a given e0. There is an
upper bound for the length of closed string in order to prevent it from slipping away.
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FIGURE 7.15. When a string is attached with both ends to a pair of opposite
curvature lines and kept taut at P , then P traces again a line of curvature e.

With regard to Graves’s construction on an ellipsoid E , the hyperboloid
through e0 intersects E along a second curve, the antipode e0 of e0. Now
we see that the construction, as depicted in Figure 7.15, using a string
with its ends fixed on e0 and e0, respectively, produces a line of curvature e
of the second family on E . This follows since, by virtue of Theorem 7.1.4
and Corollary 7.1.2, the tangents to the two geodesics at P are again
symmetric w.r.t. the principal curvature tangents.

Referring to Figure 7.15, the same trajectory e can be obtained by using
the extensions of the geodesics through P on the right-hand side. The
components v1 and v2 of the velocity vector v in direction of the extended
geodesics remain the same. Thus, if the length of the string at the left-
hand side decreases, that of the extension increases by the same amount.
This results in the following statement:

A closed string of appropriate length that is placed in the form of a figure
eight around e0 and e0 enables the crossing point P to move freely on
the ellipsoid, while the string does not slide on e0 or e0 (Figure 7.16).
However, in accordance with Remark 7.2.3, not each position in the zone
between e0 and e0 needs to be reachable.
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FIGURE 7.16. A closed string wrapped taut in the form of a figure eight around
a pair of antipodal curvature lines (e0, e0) on the ellipsoid E allows for the free
movement of the crossing point P on E .

F1 F2O

X

X ′

Y ′

Y

T1
T2

U1

U2

U ′
1

U ′2
Q

Q′

abs. conic

FIGURE 7.17. The extended diagonals of the Ivory quadrangle XX ′Y ′Y con-
tact the confocal conic.

As already mentioned, Ivory’s Theorem is also valid in non-Euclidean
spaces. A proof can be found in [122]. In the Cayley-Klein model Hn of
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hyperbolic geometry, two quadrics Q and Q′ are confocal if, and only if,
the spanned range includes also the absolute quadric of Hn. Consequently,
any two confocal quadrics Q,Q′ in E

n, i.e., in the Euclidean sense, are
also confocal in the hyperbolic sense if a third confocal quadric Q′′ is
specified as the absolute quadric. Of course, Q′′ must be regular.

According to [122], corresponding points X,X ′ of two confocal quadrics
Q,Q′ in H

n are related by a self-adjoint endomorphism Q →Q′. As noted
in Remark 7.2.1, the affine mapping γ = β○α is self-adjoint. Therefore,
points X ∈ Q and X ′ ∈ Q′ corresponding in the Euclidean sense, are also
corresponding in the hyperbolic sense when another confocal quadric Q′′

serves as absolute quadric. Let (Y,Y ′) be a second pair of corresponding
points. According to Ivory’s Theorem in H

n, the absolute points U1,U2

on the line [X,Y ′] and V1, V2 on the line [X ′, Y ] yield equal cross ratios

cr (XY ′U1U2) = cr (X ′Y V1V2) .

If the line [X,Y ′] happens to be tangent to Q′′, then the cross ratio in
question equals 1, i.e., the line [X ′, Y ] also contacts Q′′ (Figure 7.17).
This is still valid in the limiting case when Q′′ is singular.

Lemma 7.2.7 Let (X,X ′) and (Y,Y ′) be two pairs of conjugate points of
confocal quadrics Q and Q′ in E

n. Then, each quadric Q′′ which contacts
the diagonal line [X,Y ′] is also tangent to the other diagonal line [X ′, Y ]
in the Ivory quadrangle XX ′Y ′Y .

This result is cited in [13, p. 153] and proved in [2, p. 118]. However, most
probably, it can already be found in the literature of the 19th century.
An alternative proof of Lemma 7.2.7 is the subject of Exercise 7.2.1.
Figure 7.18 illustrates this property even on an ellipsoid.

This means that, in the 3-dimensional case, all four diagonals in any
Ivory box (Figure 7.10) contact the same two quadrics included in the
confocal family. In general, these diagonals are mutually skew without
any symmetry, and they do not belong to a regulus.

Finally, it must be noted that, due to (7.11) and (7.12), the linearity of
the transformation between corresponding points of confocal conics Q,Q′

has some other consequences. For example, in the case of conics with
center O, it is easy to confirm that the distances of the vertices of an
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FIGURE 7.18. Even on the ellipsoid, the extended diagonals of the Ivory quad-
rangle XX ′Y ′Y contact the same line of curvature.

F1 F2

O

X ′

Y ′

Z X

Y

Z ′

Q

Q′

FIGURE 7.19. If [X,Y ′] contacts Q at X , then [X ′, Y ] contacts Q at Y .

Ivory quadrangle XX ′Y ′Y satisfy

OX
2

+OY ′
2

= OX ′
2

+OY
2

.

Similarly, we obtain equal dot products for the vectors

⟨
��→
OX,

��→
OY ′ ⟩ = ⟨

��→
OX ′,

�→
OY ⟩.

More generally, for any quadric R centered at O, we can state: Two points
X and Y ′ are conjugate w.r.t. R if, and only if, X ′ and Y are conjugate
w.r.t. R. This means in the case R = Q: If the line [X,Y ′] contacts Q
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at X, then [X ′, Y ] contacts Q at Y (Figure 7.19). In the 2-dimensional
case, the tangents from X ′ to the conic Q have common angle bisectors
with the lines connecting X ′ with the focal points (see, e.g., [46, p. 42]).

More about bipartite frameworks

An immediate consequence of Theorem 7.2.1 is a statement about the
flexibility of bipartite frameworks.

Corollary 7.2.8 A complete bipartite framework of combinatorial type
Kp,q in E

n with knots {X1, . . . ,Xp} of one class spanning E
n permits a

continuous flexion E
n if, and only if, there is an at least one-parametric

set of quadrics X passing through X1, . . . ,Xp such that a confocal quadric
Y contains all knots Y1, . . . , Yq of the second class.

X1 X2

X3
X4

Y1 Y2

Y3Y4

X ′
1 X ′

2

X ′3X ′4

Y ′1 Y ′2

Y ′
3

Y ′
4

k k′

FIGURE 7.20. Dixon’s flexible framework of type K4,4 in E
2.

As a first example, we present a flexible framework attributed to Dixon

in 1899.8 The vertices of two rectangles with two common axes of sym-
metry constitute the classes of vertices. There is a one-parameter set of
conics k passing through X1, . . . ,X4. They all share the axes of symmetry,
and for each conic k, there exists a confocal conic k′ through Y1, . . . , Y4.

8Sir Alfred Cardew Dixon (1865–1936), English mathematician, professor at the Queen’s
University Belfast and president of the London Mathematical Society.
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Thus, Corollary 7.2.8 guarantees its flexibility (Figure 7.20). According
to Dixon in [36], there are only two continuously flexible bipartite frame-
works of type K3,3 in the Euclidean plane, and the second one with knots
X1,X2,X3, Y1, Y2, Y3 is a subset of the framework presented above.

The spherical version of Dixon’s framework is also flexible. To prove this
statement, we only have to replace the confocal conics in the presented
proof by confocal spherical conics or confocal cones in E

3 [46, p. 456].
This spherical framework is also known under the name Bottema’s 16-bar
framework [14, 85, 86, 116, 147].

Finally, an n-dimensional version is treated in a similar way: We specify
the x-knots as vertices of n−1 coaxial boxes in E

n and the Y -knots as ver-
tices of another box with the same axes. Then, this yields a continuously
flexible bipartite framework of combinatorial type K(n−1)2n,2n .

X2

X1
X0

Yj

Xj

X0

X ′
2

X ′1

X ′0

Y ′j

Yj

Y0

H

x

y

z

FIGURE 7.21. A bipartite framework in E
3 with knots {X1,X2, . . . } of one

class located on a conic X0 is continuously flexible (Corollary 7.2.9).

As a second example, we focus on a particular bipartite framework of type
Kp,q in E

n, where the knots of one class are placed on a quadric within
a hyperplane H. In this case as well, we obtain a continuously flexible
framework. For the 3-dimensional version, this has first been proved by
W. Wunderlich in [150].
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Theorem 9.1.4 The curves of constant mean curvature and the curves
of constant principal curvature on a quadratic cone (9.20) are algebraic
curves of degree twelve. Their top views (orthogonal projection in the
direction of the z-axis) are rational curves.

Proof: So far, we have described the curves of constant mean curvature H = const.. However,
for the case of constant principal curvature, we recall that the second principal curvature κ2

vanishes and κ1 = 2M . The sextic surface analogous to (9.21) has a similar equation (just

remove the factor 4 on the left-hand side in (9.21)). The rational parametrization is obtained
in the same way as for the top view of the curves of constant mean curvature. ◾

Figure 9.6 shows some curves of constant principal curvature on a
quadratic cone.

FIGURE 9.6. The curves of constant principal curvature κ1 ≠ 0 on a quadratic
cone Γ have rationally parametrizable top views and are algebraic curves of
degree twelve. This is also the case for the curves of constant mean curvature
on Γ.
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9.2 Quadrics as ruled surfaces

From Section 2.2, we know that, among regular quadrics, the one-sheeted
hyperboloid and the hyperbolic paraboloid carry two independent one-
parameter families of lines, i.e., the two reguli. So, it seems obvious
to start with a mixture of a line geometric and a differential geometric
methods, which leads to a treatment of quadrics as ruled surfaces.

FIGURE 9.7. Left: The normals at all points of a regular non-torsal ruling on
any ruled surface form a hyperbolic paraboloid. Right: The mapping between
points of contact and the respective tangent planes on any regular and non-torsal
ruling is projective, and thus, one-to-one and onto.

Let a ruled surface R be parametrized by

R(u, v) = l(u) + v ⋅ r(u), u ∈ I ⊂ R, v ∈ R, (9.23)

where l ∶ I → R
3 and r ∶ I → R

3 are parametrizations of an arbitrary di-
rectrix and the direction vector field of the rulings. It means no restriction
to assume that the vector function r is normalized, and thus, r ∶ I → S2

is the spherical image of R’s rulings and v ⋅R ∶ I ×R→ R
3 is the director

cone of R.

Here, and in the following, we shall denote derivatives with respect to the
parameter u with a dot. The normals of R along a fixed ruling r, i.e.,
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u = u0 = const., depend on v linearly and exclusively. They are parallel to

n(v) = l̇ × r + v ⋅ ṙ × r. (9.24)

The latter equation makes clear that there is a projective mapping that
assigns to each point on r the tangent plane of R as long as l̇×r and ṙ×r

are linearly independent, or equivalently,

det(l̇,r, ṙ) ≠ 0. (9.25)

The mapping that assigns to each point on r the unique tangent plane is
usually referred to as the contact projectivity. It is degenerate at torsal
and singular rulings, i.e., where l̇×r and ṙ×r are linearly dependent, and
thus, det(l̇,r, ṙ) = 0. We shall not discuss this in detail here.

A ruled surface that carries only finitely many or countably many torsal
or singular rulings is called a skew ruled surface. We shall keep in mind
that all regular ruled quadrics (hyperbolic paraboloids and one-sheeted
hyperboloids) are skew ruled surfaces.

A ruled surface that carries only torsal rulings is called a torsal ruled sur-
face. The most general form of a torsal ruled surface may be composed of
at least one of the following basic types: plane, cylinder, cone, and tan-
gent surface of a (true) space curve (see Figure 9.8). A torsal ruled surface
is developable, i.e., it can locally be mapped isometrically in a Euclidean
plane. Among quadrics, only quadratic cones and cylinders are torsal
ruled surfaces. Torsal ruled surfaces are frequently called developables.

FIGURE 9.8. The basic torsal ruled surfaces (except the plane and from left to
right): cylinder, cone, tangent surface of a space curve.
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From (9.24), we learn that the tangent plane of any ruled surface along a
regular and non-torsal ruling behaves like the tangent planes of a (regular)
ruled quadric. The surface tangents of R along r comprise the set of
lines in a parabolic linear line congruence. Figure 9.9 shows some of the
tangents of a ruled surface R along a non-torsal ruling r. We shall have
a further look at parabolic linear line congruences in Section 10.1.

R

r

FIGURE 9.9. The surface tangents of a ruled surface R that touch along a
regular non-torsal ruling r form a parabolic linear line congruence. The magenta
lines are tangent to R at the ideal point R∞ of r and form a pencil in the
asymptotic plane.

The two-parameter family of lines in the parabolic congruence can also
be obtained as the limit of the lines in a hyperbolic linear line congruence,
i.e., the set of all lines in 3-space intersecting two skew straight lines.
Assume that rε is a ruling on R in a sufficiently1 small neighborhood of
r. For a skew ruled surface, it is always guaranteed that r and rε are
skew. Hence, the straight lines that meet both r and rε form a hyperbolic
linear line congruence. Once we perform a limit procedure rε → r, i.e.,

1Here and in the following, sufficiently means that functions are still defined at t ± ε if they
are at t, and that Taylor expansions still exist and converge there if they do at t.
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ε → 0, the hyperbolic congruence of lines that meets R in two different
points converges towards the parabolic congruence of surface tangents
that touch R in points of r.

S

TS

nS

R∞

T∞

r

ṙ

R

FIGURE 9.10. The central (tangent) plane TS touches the ruled surface R at
the central point S (on a non-torsal ruling r) and is orthogonal to the asymptotic
plane T∞.

On each (regular) ruling r of a ruled surface R in Euclidean 3-space R
3,

we find a distinguished point called the central point S. It is defined
with the help of the contact projectivity and the orthogonality in R

3: In
the projective closure of R

3, the ruling r has an ideal point R∞ (point
at infinity). The tangent plane T∞ is spanned by the ruling r and the
derivative point (0,r). T∞ is usually referred to as the asymptotic plane
of R at r. The central (tangent) plane TS is said to be orthogonal to
T∞ and is, therefore, uniquely defined in the pencil about r. The contact
projectivity along r assigns to TS a unique point S of contact (cf. Figure
9.10). Consequently, there is a well-defined central point on each ruling,
provided that R is regular at R∞.

From the parametrization (9.23) of a ruled surface, we can compute the
central point via (9.24). While n depends only linearly on v along a fixed
ruling r, it is linearly dependent on ṙ at the central point S. This yields
(l̇ × r + vsṙ × r) × ṙ = o, and therefore,

vs = − ⟨ṙ, l̇⟩⟨ṙ, ṙ⟩ . (9.26)

The central curve or striction curve is the union of all central points on a
ruled surface.
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The central point of a regular non-torsal ruling can also be found by means
of a limiting procedure: Assume that r ∶ I ×R→ R

3 is a parametrization
of a ruled surfaceR over some interval I ⊂ R. Choose two rulings r = r(t0)
and rε = r(t0 + ε) in a sufficiently small neighborhood and compute their
common normal. The pedal point P ∈ r converges towards the central
point S of r if ε → 0 and rε → r while the common normal converges to
the central tangent. Almost all invariants of a ruled surface have analogs
in properly discretized versions of the ruled surface (cf. [110]).

The one-sheeted hyperboloid is a ruled quadric in two different ways: It
carries two independent one-parameter families of straight lines, the two
reguli. Each of the two ruled surfaces R1 and R2 contained in Q defines
its own striction curve s1 and s2, respectively. The two parametrizations

R1,2 = ⎛⎜⎝
a cosu

b sinu

0

⎞⎟⎠ + u
⎛⎜⎝
−a sinu

b cosu

±c

⎞⎟⎠ u ∈ [0,2π], u ∈ R (9.27)

of the two reguli may be a starting point for the analytic treatment of
the differential geometry of Q as a ruled surface. Both parametrizations
given in (9.27) satisfy the equation

Q ∶ x2

a2
+
y2

b2
−
z2

c2
= 1. (9.28)

In the first step, we normalize the direction vector field(s)

(−a sinu, b cos u,±c),
which yields

r1,2 = (−a sinu, b cos u,±c)/√a2 sin2 u + b2 cos2 u + c2.

The actual directrix l = (a cos t, b sin t,0), which is the ellipse in the plane
z = 0, will be replaced by the striction curve(s) s1 (or s2 in the case of R2).
Using (9.26), we find the parametrizations of the two striction curves

s1,2 = 1

(a2 − b2)c2 cos2 u + b2(a2 + c2)
⎛⎜⎜⎝

a3(b2 + c2) cosu
b3(a2 + c2) sinu
∓c3(a2 − b2) sinu cosu

⎞⎟⎟⎠
. (9.29)
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The reparametrization u → 2arctan t of (9.29) makes clear that the stric-
tion curves on Q are algebraic, of degree four, and admit even rational
parametrizations. In the case of a hyperboloid of revolution, we have a = b
and the two striction curves coincide, namely in the gorge circle.

The rational parametrizations of the striction curves on a one-sheeted
hyperboloid give rise to another result:

Theorem 9.2.1 The striction curves of the two reguli on a one-sheeted
hyperboloid are quartic space curves of the second kind without singulari-
ties.

Proof: In order to show that the striction curves on a one-sheeted hyperboloid H are quartic
space curves of the second kind (cf. Section 6.9), we have to show that these curves can be

found as the intersection of H with a cubic surface K sharing two straight lines with H (9.1)
(second equation). Indeed, the pencil of cubic surfaces spanned by

K1 ∶ b
5c(a2 + c2)xz + ac4(b2 − a2)y3 − ab4(a2 + c2)yz2 + ab2c4(a2 − b2)y = 0,

K2 ∶ bc
5(a2 − b2)xy + ac4(a2 − b2)y2z + ab4(a2 + c2)z3 + ab4c2(a2 + c2)z = 0

contains a one-parameter family of such surfaces that intersect H along the striction curve s1.

Two cubic surfaces with similar equations can be given for the second striction curve.

Both surfaces K1 and K2 (displayed in Figure 9.11) carry the striction curve s1 of H. While
K1 carries the rulings (±at, b,±ct) (with t ∈ R), K2 carries the complex conjugate pair in the
planes a2x2

+ b2y2 = 0.

The striction curve on a (regular) ruled quadric will never show a singularity, since a (regular)
ruled quadric carries only regular, non-torsal, and non-inflection rulings. ◾

Figure 9.11 shows the two cubic surfaces mentioned in the proof of The-
orem 9.2.1.

● Exercise 9.2.1 Striction curves on hyperbolic paraboloids.

Show that the two striction curves s1 and s2 of the two reguli on the hyperbolic paraboloid P

P ∶ x2

a2
−

y2

b2
= 2z

are two parabolas admitting the parametrizations

s1,2 =
2

a2 + b2
(ab2t,±a2bt, (b2 − a2)t2) , t ∈ R.

The striction curves s1 and s2 lie in the planes

ax ± by = 0.

In this case, it is useful to parametrize P by p = (a(u + v), b(u − v),2uv) with (u, v) ∈ R2 and
extract the two reguli on P.
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H

K1

K2

s1

s2

e1

e1

e2

y

FIGURE 9.11. The two cubic ruled surfaces K1 (red) and K2 (blue) through the
striction curve s1 (blue) of the one-sheeted hyperboloid H also share the y-axis
of the underlying Cartesian coordinate system. The two rulings e1 and e2 are
part of the intersection K1 ∩H.

Now, let us return to the one-sheeted hyperboloid. We can show the
following result relating the central points on the reguli of a one-sheeted
hyperboloid H with two particular planar intersections of H:

Theorem 9.2.2 The central points of both reguli on a one-sheeted hyper-
boloid H are the midpoints of the ruling’s segments bounded by two ellipses
e1, e2 ⊂ H, which are the curves of contact of two cylinders of revolution
∆1,∆2 touching H along theses ellipses.
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Figure 9.12 shows the two striction curves for the two different reguli on
a one-sheeted hyperboloid.

∆1
∆2 h

h

e1e1e1e1e1e1e1e1e1e1e1e1e1e1e1e1e1

e2e2e2e2e2e2e2e2e2e2e2e2e2e2e2e2e2

SSSSSSSSSSSSSSSSS

E1E1E1E1E1E1E1E1E1E1E1E1E1E1E1E1E1

E2E2E2E2E2E2E2E2E2E2E2E2E2E2E2E2E2

HHHHHHHHHHHHHHHHH

FIGURE 9.12. Left: The central points S (points of the striction curve) on
each ruling are the midpoints of the ruling’s segments E1E2 between the two
ellipses e1, e2 that are the curves of contact of two cylinders ∆1, ∆2 of revolution
touching the one-sheeted hyperboloid H. Right: The two striction curves for
the two different ruled surfaces on a one-sheeted hyperboloid.

Proof: We may assume that H is given by (9.28) and a > b. A cylinder of revolution that
touches H along an ellipse is one of those quadratic cones whose vertex is an ideal point of one
of the focal conics. Consequently, there are two such cylinders, say ∆1 and ∆2. Further, ∆i

must have a plane of symmetry with H in common, and moreover, they both have to touch H
at its vertices (0,±b,0). Therefore, the axes of ∆i coincide with an asymptote ai of the focal
hyperbola h, and thus, the cylinders have the equations

∆1,2 ∶
y2

b2
+

1

b2

⎛
⎝y
√

b2 + c2

a2 + c2
± z

√
a2 − b2

a2 + c2

⎞
⎠
2

= 1. (9.30)

Hence, the intersection curves (ellipses) e1 =∆1 ∩Q and e2 =∆2 ∩Q are located in the planes

c2
√
a2 + c2 x ± a2

√
b2 + c2 z = 0, (9.31)

which meet Q along ellipses because Q’s asymptotic cone x
2

a2
+

y2

b2
−

z
2

c2
= 0 is steeper.
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FIGURE 9.13. A front view (orthogonal projection onto y = 0) of the planes
mentioned in the proof of Theorem 9.2.2 shows two harmonic quadruples of
planes: H(τ1, τ2, α1, ε1) and H(τ1, τ2, α2, ε2).

Now, we intersect each line Ri(t) (for any t ∈ [0,2π[ and i = 1,2) with each plane εj (j = 1,2)
and obtain four parametrizations ei,j(t) of the ellipses εj ∩Q. Then, it is easy to see that
si =

1

2
(ei,1 + ei,2) with si being the parametrization of the striction curve given in (9.29). ◾

Figure 9.12 (left) illustrates the contents of Theorem 9.2.2 for one par-
ticular regulus. Note that each plane containing an ellipse (either e1 or
e2) can be found without explicitly determining the cylinders ∆i: Let
e = ε1 ∩ ε2, i.e., the second principal axis of Q carrying the two real ver-
tices (0,±b,0) of Q. The pencil (of planes) about e contains two tangent
planes τ1, τ2 of Q’s asymptotic cone. If αi are now those planes through e

that contain the two asymptotes of the focal hyperbola h, then the planes
εi are the harmonic conjugates of αi with respect to ε1 and ε2. In Figure
9.13, e appears as a point, and so do all planes in the pencil about e.

● Exercise 9.2.2 The shape of the striction curve.

Show that the front view (orthogonal projection onto y = 0) of the striction curve (9.29) has
two flat points exactly for 2a2c2 = b2(c2 − a2). Figure 9.14 shows various appearances of the
striction curves of one particular regulus on a one-sheeted hyperboloid depending on the ratio
a ∶ b ∶ c.
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e1 e2

s

e1 e2

s

e1 e2

s
F1 F2

FIGURE 9.14. The front view of the striction curve of a regulus on a one-sheeted
hyperboloid has a double point in any case, but besides, it may have four points
of inflection (middle) or two flat points (right).

Orthogonal trajectories of the rulings of a quadric

On a ruled quadric Q, we can find two independent one-parameter families
of curves that traverse the two families of rulings at a right angle. Assume
that

f(u, v) = s(u) + vr(u) ∶ I ×R→ R
3,

is a parametrization of one particular regulus on Q where s ∶ I → R
3 and

r ∶ I → S2 are parametrization of the striction curve and the spherical
image of the rulings (over some real interval I), then the striction (func-
tion) σ ∶ I → R of the ruled surface (even if it is not a quadric) is given
by

cosσ = ⟨ṡ,r⟩, (9.32)

provided that ∥ṙ∥ = 1. It measures the angle between the striction curve
and the rulings.

While the striction curve of a closed ruled surface is a closed curve, the
orthogonal trajectories of a closed ruled surface are, in general, not closed.
According to [62, p. 83], the orthogonal trajectories of a closed ruled
surface starting at one point, say P1, on a particular ruling r0 meet the
ruling r0 in the well-defined point P2, which is, in most cases, different
from P1. The distance l = P1P2 is called the aperture and is independent
of the trajectory (or independent of the starting point P1).

Following [62, p. 84], the aperture of the ruled surface can be computed
as

l = ∣∫ cosσdu∣ . (9.33)
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Hence, the orthogonal trajectories of the rulings of (9.23) can be
parametrized by

o(u) = s(u) + vor(u) (9.34)

where

vo = −∫ σdu.

In the case of the triaxial one-sheeted hyperboloid, the anti-derivative of
cosσ can only be expressed in terms of elliptic integrals. The one-sheeted
hyperboloid of revolution, i.e., a = b, yields the constant value

cosσ = b2√
b2 + c2

.

Thus, the orthogonal trajectories of the rulings of a one-sheeted hyper-
boloid of revolution can be given in a parametric form. Up to rotations
about the z-axis, these curves are

o(t) = b

b2 + c2

⎛⎜⎝
b2t sin t + (b2 + c2) cos t
−b2t cos t + (b2 + c2) sin t

−bct

⎞⎟⎠ . (9.35)

The same curve can also be written as

o(t) = ⎛⎜⎜⎝
b cos t

b sin t

b2

c

⎞⎟⎟⎠ −
b2t

b2 + c2

⎛⎜⎝
−b sin t

b cos t

−
b2

c

⎞⎟⎠ .

This shows that the orthogonal trajectories are also located on a helical
developable D. D’s curve of regression is a circular helix with radius b,
pitch − b2

c
, and with the z-axis as its axis.

The top views (orthogonal projection onto z = 0) of the orthogonal trajec-
tories of the regulus on a one-sheeted hyperboloid of revolution are spirals
with radius function ̺(t) = b

b2+c2

√
b4t2 + (b2 + c2)2.

Figure 9.15 shows the orthogonal trajectories of the rulings on a one-
sheeted hyperboloid of revolution (left) and on a triaxial hyperboloid
(right). The latter are determined numerically.
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FIGURE 9.15. Some orthogonal trajectories of a regulus on a one-sheeted hy-
perboloid: a hyperboloid of revolution (left), triaxial (right).

● Exercise 9.2.3 Orthogonal trajectories on hyperbolic paraboloids.

Use the parametrization of the hyperbolic paraboloid P given in Exercise 9.2.1 on page 403
and compute the orthogonal trajectories of one of the reguli on P, but admit a parametrization

in terms of elementary functions. Figure 9.16 shows some orthogonal trajectories of the
hyperbolic paraboloid.

FIGURE 9.16. Some orthogonal trajectories of one family of rulings on a hyper-
bolic paraboloid shown in a top view (left) and in an axonometric view (right).

What do these curves look like if P is an orthogonal hyperbolic paraboloid?
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Distribution parameter and Gaussian curvature

We have seen that a torsal ruling is characterized by (9.25). Following
[62, 151], along each ruling, the distribution parameter

δ = det(l̇,r, ṙ)
⟨ṙ, ṙ⟩ (9.36)

is a measure for the winding of the tangent planes while the point of
contact traces the ruling. Herein, the direction vector field r has to be
normalized. Especially for the ruled quadric described by (9.27), we find

δ = abc (a2 − b2) cos2 u − (a2 + c2)
c2(a2 − b2) cos2 u + b2(a2 + c2) . (9.37)

Now, we compute the Gaussian curvature by inserting (9.27) first into
(9.3) and then into (9.7) and find

K = − a2b2c2 ( cos2 u
b2
+

sin2 u
a2
+

1
c2
)2

2a2b2c2 ( cos2 u
b2
+

sin2 u
a2
+

1
c2
)2 v2+(a2 sin2 u+b2 cos2 u+c2)2

. (9.38)

With (9.37) we can eliminate the surface parameter u from (9.38) by
solving (9.37) for cos

2 u, which yields

cos
2 u = b(a2 + c2)(ac + bδ)

c(a2 − b2)(ab − cδ) and sin
2 u = a(b2 + c2)(bc + aδ)

c(a2 − b2)(cδ − ab) .

Substituting the latter expressions for cos
2 u and sin

2 u into (9.38), we
find that the distribution parameter and the Gaussian curvature of Q are
related via Lamarle’s2 formula

K = − δ2

(v2 + δ2)2 , (9.39)

where v ∈ R is the surface parameter along the ruling with v = 0 at the
central point and δ ∶ I ⊂ R→ R is the distribution parameter.

It is worth mentioning that Lamarle’s formula (9.39) is valid for all
ruled surfaces (see [62, 90]).

2
Ernest Lamarle (1806–1879), Belgian mathematician.
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For the example displayed in Figure 9.17, we have chosen a = 5
4
, b = c = 1.

Thus, (9.37) yields δ(0) = − bc
a
= −4

5
and δ(π

2
) = −ac

b
= −5

4
. Hence, with

(9.39), we find the Gaussian curvature at the vertices (a,0,0) and (0, b,0)
to be K(0,0) = −25

16
and K(π

2
,0) = −16

25
.

v

K

K(0, v)

K(π
2
, v)

FIGURE 9.17. The Gaussian curvature K at the vertex generators u = 0 (vertex
(a,0,0), blue) and u = π

2
(vertex (0, b,0), red) for a = 5

4
, b = c = 1.

● Exercise 9.2.4 Distribution parameter of a hyperbolic paraboloid.

Start with one of the two parametrizations

p(u, v) = (au, bv, 1
2
(u2
− v2)) or p(u, v) = (a(u + v), b(u − v),2uv) with (u, v) ∈ R2

of the hyperbolic paraboloid

P ∶ x2

a2
−

y2

b2
= 2z

and compute the distribution parameter δ. For that purpose, the direction vector field has to
be normalized. Show further that the Gaussian curvature at the vertex (0,0,0) is

Kmin = −

1

a2b2

(of course independent of the parametrization).

As can be seen from (9.39), for any ruled surface, and thus, also for ruled
quadrics, the Gaussian curvature considered as a function on a particular
ruling r is a rational function with lim

v→∞
= 0. It attains its minimum

Kmin = −δ−2
at the central point S, i.e., at v = 0 (cf. Figure 9.17).

Consequently, the curves of constant Gaussian curvature on Q (and on
any ruled surface) touch the rulings at the central points (see Figure 9.18).
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FIGURE 9.18. The curves of constant Gaussian curvature touch the rulings at
their central points and all these contact points line up on the striction curve,
since at the central point (or striction point), the Gaussian curvature has its
minimum along the ruling. Left: one-sheeted hyperboloid, right: hyperbolic
paraboloid.



georg.glaeser@uni-ak.ac.at

9.3 Lie’s osculating quadric 413

9.3 Lie’s osculating quadric

In [46, p. 124], we have discussed various appearances of conics in differ-
ential geometry. We have seen that the Dupin indicatrix is a frequently
used tool in local differential geometry. Further, the Dupin indicatrix can
be seen as the orthogonal projection of a planar section of a local sec-
ond order Taylor approximation of a surface. The distance of the section
to the tangent plane is closely related to the factor of similarity of the
indicatrix.

Among the many osculating quadrics of a surface S in three-dimensional
space, there is a special type associated with any regular, non-torsal,
and non-inflection ruling r of a ruled surface R in projective 3-space. It
is called Lie’s osculating quadric O and osculates R along the chosen
ruling r. O does not only share the tangent planes with R along r, it
also shares the asymptotic tangents with R along r. These asymptotic
tangents comprise one set of rulings on O.

We may start the discussion of Lie’s osculating quadric O in Euclidean
3-space R

3. However, Lie’s osculating quadric, or to be more precise, the
osculating regulus of a ruled quadric along a regular non-torsal and non-
inflection ruling can also be defined in the projective setting and is, thus,
an object that is related to a ruled surface in a projectively invariant way.
Klein’s model of line geometry which will be sketched roughly in Section
10.1, is a proper framework for that.

As we have seen on page 401, the central point can be found via limit
procedure that is applied to the common normals of two sufficiently close
rulings. We can go one step further. Similarly to the limit of a circle
through three close points on a (planar or space) curve (cf. [46, p. 92]),
we can choose two sufficiently close rulings of a smooth ruled surface R
in the vicinity of a (regular, non-torsal, non-inflection) ruling r. In fact,
C2 smoothness of R would be sufficient. Assume that

f(u, v) = l(u) + vr(u) (u, v) ∈ R2

with l ∶ I ⊂ R→ R
3 and r ∶ I → S2 is a parametrization of a ruled surface.

Let t0 ∈ I be some parameter and further ε > 0 such that t0 ± ε ∈ I. Then,
r−ε = f(t0 − ε, v) and rε = f(t0 + ε, v) are the rulings close to r. The
symmetry of the ε-vicinity is not necessary, but helpful.
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In Chapter 4, we have learned that there exists a unique regular ruled
quadric on three mutually skew straight lines. The same holds true for
r−ε, r, rε and we denote this quadric by Oε. Now, with ε→ 0, we see that
Oε attains a limit which will, in general, be a quadric O.

From the parametrization (9.3) of a ruled surface R by means of a direc-
trix l and a direction vector field r, we can easily derive a parametrization
in terms of Plücker coordinates (r,r) ∶ I →M4

2 . (For details, especially
on the Plücker quadric M4

2 ⊂ P5, see Section 10.1.)

For what follows, we need

Lemma 9.3.1 Assume we are given three mutually skew straight lines a,
b, c in Euclidean 3-space. Let A = (a,a), B = (b,b), C = (c,c) be their
Plücker coordinates and, furthermore, let x = (x, y, z) be inhomogeneous
Cartesian coordinates. Then, an inhomogeneous equation of the uniquely
defined ruled quadric Q on a, b, c is given by

det(x,a,b)⟨x,c⟩ + ⟨x,a⟩(⟨b,c⟩−⟨b,c⟩)+
+det(x,b,c)⟨x,a⟩ + ⟨x,b⟩(⟨c,a⟩−⟨c,a⟩)+
+det(x,c,a)⟨x,b⟩ + ⟨x,c⟩(⟨a,b⟩−⟨a,b⟩)+

+det(a,b,c) = 0.
(9.40)

R

O

r H

O

r

FIGURE 9.19. Lie’s osculating quadric O along a regular non-torsal ruling: at
a quartic ruled surface R (left), at a helicoid H (right).
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Proof: Assume P is a point on Q and has the Cartesian coordinates p. Then, there exists a
line l through P with Plücker coordinates (l, l) from the regulus R⋆ complementary to the
regulus R spanned by a, b, and c. We find (l, l) as the intersection of the two planes α = [a,P ]
and β = [b,P ]. Using (10.12), we find the homogeneous coordinates of the planes α and β

α = (⟨a,p⟩,p × a − a), β = (⟨b,p⟩,p × b − b)
and therefore, the Plücker coordinates of l computed with (10.6) and (10.8) read

(l, l) = ((p × a − a) × (p × b − b); ⟨a,p⟩(p × b − b) − ⟨b,p⟩(p × a − a)) .
Since l ∈R⋆, it intersects all lines of its complementary regulus R. Therefore, it also intersects
c and, according to (10.9), the Plücker coordinates of l and c satisfy ⟨c, l⟩ + ⟨c, l⟩ = 0. In this
latter intersection condition, we replace p with x and obtain (9.40). ◾

In terms of the Klein model of the manifold of lines in 3-space (as will
be explained in Section 10.1), the points A, B, C corresponding via their
Plücker coordinates to the three lines span a plane in P

5.

● Exercise 9.3.1 Singular quadrics on three lines.

If one, two, or even all three lines have mutual non-empty intersections, then (9.40) returns a
singular quadratic equation.

Discuss all configurations of three lines and compute normal forms of the thus arising singular
or degenerate quadrics using (9.40).

With Lemma 9.3.1 we can show

Theorem 9.3.1 Let R be a C2 ruled surface in 3-space given by a
parametrization in Plücker coordinates R(t) = (r,r) ∶ I ⊂ R → M4

2 .
Define R ∶=R(t0), Ṙ ∶= Ṙ(t0), and R̈ = R̈(t0) (the three derivative points
of order 0, 1, and 2). Assume that R = (r,r) is a regular (R, Ṙ linearly
independent), non-torsal (Ω(Ṙ, Ṙ) ≠ 0, cf. (10.10)), and non-inflection
([R, Ṙ, R̈] /⊂ M4

2 ) ruling. Then, an inhomogeneous equation of Lie’s os-
culating quadric of R along R is given by (9.40) with A = R, B = Ṙ, and
C = R̈.

Proof: The proof becomes more clear once the Klein model of line geometry is established
(see Section 10.1). However, the plane π = [R, Ṙ, R̈] is the osculating plane of a curve r in

the Plücker quadric M4

2
. The plane π intersects M4

2
along a conic o which is, by assumption,

a regular conic that is not contained in a generator plane of M4

2
. Therefore, o is in second

order contact and represents a ruled surface that is in second order contact with R along R.

In Section 10.1, we will see that regular conics in M4

2
represent reguli. ◾
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● Exercise 9.3.2 Osculating quadrics of helical ruled surfaces.

The composition of a uniform rotation about the z-axis of a Cartesian coordinate system
with a uniform translation about the same axis results in a helical motion. In the underlying
coordinate system, the helical motion µ ∶ R3

→ R
3 shall be given by

µ ∶ x↦ x′ =
⎛⎜⎝
cos t − sin t 0

sin t cos t 0

0 0 1

⎞⎟⎠x +
⎛⎜⎝

0

0

pt

⎞⎟⎠ , (9.41)

where t ∈ R and p ∈ R {0} is the pitch of the helical motion.

A straight line L that allows the parametrization

l(u) = (d, u, ku) with u ∈ R,

with constants d, k ∈ R undergoing the helical motion µ traces a helical ruled surface

R = ⎛⎜⎝
d cos t − u sin t

d sin t + u cos t

pt + ku

⎞⎟⎠ with (t, u) ∈ R2.

R

O

L

R

O

L

FIGURE 9.20. Left: Lie’s osculating quadric O along L at a right open helical
ruled surface R (k = 0, d ≠ 0) is a hyperbolic paraboloid. Right: Lie’s osculating
quadric O along L at a skew open helical ruled surface R (k ≠ 0, d ≠ 0) is a
one-sheeted hyperboloid.

Show that Lie’s osculating quadric O along L has an equation of the form

O ∶ k(p − dk)x2
− k(dk − 2p)y2 − 2pzy + dz2 + 2p(dk − p)x + d(dk − p)(dk − 2p) = 0. (9.42)

For helical ruled surfaces, it is sufficient to write down this particular quadric at t = 0. Lie’s
osculating quadric Ot along any other ruling can be obtained from (9.42) by applying the
helical motion (9.41) to (9.42) and it is, therefore, congruent to O (cf. Figure 9.20).

O is a double plane if R is a helical developable, i.e., the torsal ruled surface traced by the
tangents of a helix. If the slope k of R’s generators equals zero, R is a right helical ruled

surface and Lie’s osculating quadric along any ruling is a hyperbolic paraboloid.
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Klein images of a pair of complementary but complex conjugate reguli R
and R̂ that cover an oval quadric (cf. Figure 10.6, right).

3. Entangled pencils of lines

If (10.24) is degenerate (without being completely zero), it can split into
two linear factors both describing straight lines l and m in M4

2 . Since
(10.24) does not completely vanish, the plane π is not contained in M4

2

and the two straight lines l and m are the Klein images of a pair of
entangled pencils of lines. The pencils have different vertices (cf. Figure
10.7), different carrier planes, and a common line s, for the coplanar lines
l and m must have a point S in common.

M4

2

l

m

S

L M

s

M4

2

d

D

FIGURE 10.7. Left: A pair (l,m) ⊂ M4

2
of lines with [l, n]/⊂M4

2
corresponds

to a pair (L,M) of entangled pencils of lines. The line s joining the pencils’
vertices is common to both pencils. Right: A double line d ⊂ M4

2
corresponds

to a pencil D of lines with multiplicity two.

4. Double pencil

A singular form (10.24) can be a full square of a linear factor. If this is
the case, (10.24) describes a double line d corresponding to a double pencil

D as a highly degenerate quadric (see Figure 10.7, right).

5. The most degenerate cases

There are some more appearances of regular and singular conics in M4
2

which cannot be found by discussing (10.24) although their carrier planes
can be given in the form (10.23).

(1) If the conic r ⊂M4
2 is contained in a plane π1 of the first kind, then

its points are the Klein images of the rulings of a regular quadratic cone
if r is regular. Since the plane π1 = [r] is self-polar, there is no further
family of straight lines on the quadratic cone (cf. Figure 10.8, left).

(2) In the case that π2 = [r] is a plane of the second kind, the points on
r correspond to the tangents of a conic in a ruled plane. Actually, this
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is a dual conic, i.e., the set of tangents of a regular conic in a plane (cf.
Figure 10.8, right).

(3) In either case (1) or (2), the conic r can split into a pair of straight
lines. These are the Klein images of pencils of lines sharing either the
vertices or the carrier planes.

(4) If the singular conic r from the cases (1) and (2) is a double line, then
it is the Klein image of double pencil.

M4

2
π1r

R

M4

2

π2 r

R

FIGURE 10.8. Left: The points of a conic r in a plane π1 ⊂M
4

2
of the first kind

correspond to the rulings R of a quadratic cone. Right: The points of a conic r

in a plane π2 ⊂M
4

2
of the second kind correspond to the tangents R of a conic.

M4

2
π1 S

m

l
s

L

M

S

l

m

π2 M4

2

s L

M

FIGURE 10.9. Left: Two lines l and m that span a plane π1 ⊂M
4

2
of the first

kind correspond to a pair of pencils L and M in a common star of lines and
share a line s which corresponds to S = l ∩m ∈M4

2
. Right: Two lines l and m

that span a plane π2 ⊂M
4

2
of the second kind correspond to a pair of pencils L

and M in a common ruled plane. The pencils have different vertices and share
the straight line s.

◾ Example 10.1.4 Cones without any real point – except the vertex.

The quadratic cone Γ ∶ x2
+ y2 + z2 = 0 carries only one real point. Its vertex is the point

V = (0,0,0) ∈ Γ. The generators of Γ are the isotropic lines emanating from V . The Klein

image of these lines gather on the conic (cos t, sin t, i; 0,0,0) (with t ∈ [0,2π[), which lies
completely in a plane of the first kind. Γ is called isotropic cone.
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Its generators (rulings) are isotropic lines, i.e., they meet the plane at infinity in points of the
absolute conic of Euclidean geometry. For any pair of different points P ≠ Q on an isotropic
line, the Euclidean distance function evaluates to zero: PQ = 0 (cf. [46, p. 253]).

Isotropic cones play a much more important role in pseudo-Euclidean geometries, where they
are referred to as light cones, which separate timelike and spacelike points (see Example
10.1.5).

◾ Example 10.1.5 Real cones and pseudo-Euclidean geometry.

Making a small change in the equation of the cone that we have looked at in Example 10.1.4,
we arrive at Γ ∶ x2

+ y2 − z2 = 0, which describes a cone of revolution (from the Euclidean
point of view). It is an isotropic cone in the sense of pseudo-Euclidean geometry (see Section
9.4). The rulings of Γ meet the plane at infinity in real points on a conic that is common to

all cones of revolution with the same angle of aperture, provided that their axes are parallel.

The cone Γ separates the lines through its vertex. In the sense of pseudo-Euclidean geometry,
the lines in the interior of Γ are timelike, while the lines outside are spacelike, and the lines
on Γ are timelike. In physics, the pseudo-Euclidean space is usually referred to as Minkowski

space.

In Section 9.4, we use the isotropic cones of a pseudo-Euclidean space R
2,1 in order to project

points to oriented circles in a Euclidean plane.

◾ Example 10.1.6 Conics without real points.

The conic n ∶ x2
+ y2 + 1 = 0 is empty over the real number field. In the complex extension

of P
2(R), we can parametrize it by n = i(cos t, sin t) (with t ∈ [0,2π[). The tangents of n

form the dual conic n⋆ and can be given by ix cos t + iy sin t + 1 = 0 or in Plücker coordinates
(i sin t,−i cos t,0; 0,0,1). The latter describes a conic without any real point in a plane of the

second kind in M4

2
.

Quadratic complexes

A quadratic complex of lines is the set of lines whose (homogeneous)
Plücker coordinates fulfill a homogeneous quadratic equation (besides
(10.2)). Therefore, the study of quadratic complexes can be reduced to
the study of pencils of quadrics in P

5, with M4
2 being one of the quadrics.

A generic quadratic complex depends on 19 constants: The symmetric
matrix of the complex’s equation has 1

2
(6 + 1)6 = 21 relevant entries,

and only their ratio matters. Because of the homogeneity, one degree
of freedom has to be subtracted. Further, the Plücker condition (10.2) is
also to be imposed on the Plücker coordinates of the complex lines, which
again reduces the number of free constants about one.

The classification of quadratic complexes is based on the theory of charac-

teristics and elementary divisors (cf. [87]). We shall give a sketch of this
classification. It is similar to the classification of pencils of quadrics as
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done in Section 5.1, since the quadrics in P
5 defining the complex and

M4
2 span a pencil of quadrics.

Assume that A ∈ F6×6 with A =AT is the coefficient matrix of a quadratic
form in six homogeneous variables. Then, the equation of a quadratic
complex K of lines reads

K ∶ xTAx = 0. (10.25)

The quadratic form describing M4
2 has the coefficient matrix

M = ( 0 I3
I3 0

) ,
and the pencil of quadrics spanned by M4

2 and K is parametrized by

P ∶ xT(A + λM)x = 0. (10.26)

The pencils of quadrics (10.26) in projective five-space can now be classi-
fied by means of the number and type of singular quadrics in the pencil.

Therefore, we compute the characteristic polynomial ∆(λ) given by

∆(λ) = det(A + λM). (10.27)

For any solution λi of (10.27) with multiplicity k, the rank of A + λiM

can be five or less. If, for any solution λi, the rank of A+ λiM is exactly
five, we collect the multiplicities of the zeros of (10.27) and enclose them
in square brackets: [. . .]. It is obvious that there are eleven such cases,
for six can be written as the sum of integers less than or equal to six in
eleven different ways.

This rather rough classification can be refined as follows: Assume that
∆′ and ∆′′ are the minors of fourth and fifth order of ∆. If now λi is a
root of (10.27) with multiplicity k > 1 and rk(A + λiM) = 4, then λi is a
common root of all ∆′ with multiplicity k′. Then, k > k′ and k − k′ ≥ k′.
So, k−k′ roots are lost during the transition from ∆′ to ∆′′. Now we add
the pair (k − k′, k′) to the above list [. . .] of multiplicities. This process
can be iterated if the rank of ∆ drops further. The number of types to be
distinguished equals 49, in general, and it equals 57 if we add the most
singular cases to our list (see [152]).
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Special examples of quadratic complexes

We shall complete this section with some general remarks on quadratic
complexes of lines and some examples of quadratic complexes of lines that
appear frequently in geometry. Some of the complexes in this section are
discussed in [42] with a special focus on the singular surfaces.

FIGURE 10.10. The lines of a quadratic complex that are incident with a
particular point form a quadratic cone, namely the complex cone. Here, the un-
derlying quadratic complex is the path tangent complex of an equiform motion.
For some points, the tangent cones are displayed. Each cone contains the path
tangent of its apex, which is indicated by an arrow.

A complex cone is the set of lines of a complex (whether quadratic or not)
that pass through a given point (cf. Figure 10.10). In other words, the
complex cone is the intersection of the quadratic complex with a star of
lines. Dual to the complex cone, we have the notion of a complex curve,
which is the set of lines of the complex that lie in a chosen plane. We can
also say that the complex curve is the intersection of the complex with a
ruled plane. The complex curve is a curve in the dual projective plane,
i.e., it is the set of tangents to a planar curve.

In the case of linear complexes of lines, both the complex cones and
the complex curves are always pencils of lines. In the case of quadratic
complexes, the complex cones are quadratic ones and the complex curves
are the set of tangents to a conic including degenerate cases.
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Tangents of a quadric

The tangents of any surface form a complex of lines, i.e., the two-
parameter manifold of pencils of surface tangents which is, in total, a
three-parameter manifold of lines. It is obvious that the tangents of an
algebraic surface are themselves an algebraic variety.

Let Q ∈ F4×4 be a symmetric matrix. Then, Q ∶ xTQx = 0 is a quadric
in P

3(F). A straight line l = [P,Q] parametrized by l(λ,µ) = λp + µq is
tangent to Q if, and only if,

(pTQq)2 − (pTQp)(qTQq) = 0.
Now, we replace p and q by an arbitrary pair of independent rows from
(10.7) and arrive at a homogeneous equation (in terms of Plücker coordi-
nates) of the quadratic complex of tangents of a quadric. At first glance,
the equation of the complex seems to be quartic, but (10.2) can be can-
celled. The coefficient matrix A of the quadratic equation of the complex
can be computed from Q as Q�Q as explained above in (10.19).

For any point P off the quadric Q, the complex cone ΓP is the union of
all tangents from P to the quadric, i.e., ΓP is the tangent cone from P

to Q. The complex curves in an arbitrary non-tangential plane π are the
tangents of Q in π, and therefore, the tangents to the curve Q ∩ π.

◾ Example 10.1.7 Tangent complexes of singular and regular quadrics.

The projective classification of quadrics in P
3(R) yields the following normal forms:

x2

0
+ x2

1
+ x2

2
+ x2

3
= 0 empty, x2

0
+ x2

1
+ x2

2
− x2

3
= 0 oval, x2

0
+ x2

1
− x2

2
− x2

3
= 0 ruled,

x2

0
+ x2

1
+ x2

2
= 0 empty cone, x2

0
+ x2

1
− x2

2
= 0 regular cone,

x2

0
+ x2

1
= 0 complex conjugate pair of planes, x2

0
− x2

1
= 0 pair of real planes.

The case of a double plane is not worth being mentioned here.

The coefficient matrices of the equations of the respective tangent complexes are (in the same

ordering)

diag(1,1,1,1,1,1), diag(1,1,−1,−1,−1,1), diag(−1,1,1,1,1,1),
diag(1,1,0,0,0,1), diag(1,−1,0,0,0,−1),
diag(1,0,0,0,0,0), diag(1,0,0,0,0,0).

The respective characteristics are [(111)(111)].
◾ Example 10.1.8 Tangent complexes for quadrics in principal position.

The characteristics of the quadratic complexes of tangents to quadrics will not be altered if
the underlying coordinate system is changed. For the basic types of (regular) quadrics

x
2

a2
+

y2

b2
+

z
2

c2
= 1, x

2

a2
+

y2

b2
−

z
2

c2
= 1, x

2

a2
+

y2

b2
−

z
2

c2
= −1,

x2

a2
+

y2

b2
= 2z, x2

a2
−

y2

b2
= 2z,
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the coefficient matrices of the tangent complexes are

diag(a−1, b−2, c−2;−(bc)−1,−(ca)−2,−(ab)−2),diag(a−1, b−2,−c−2; (bc)−1, (ca)−2,−(ab)−2),
diag(a−1, b−2,−c−2;−(bc)−1,−(ca)−2,−(ab)−2),

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 a−2 0

0 0 0 −b−2 0 0

0 0 1 0 0 0

0 −b−2 0 0 0 0

a−2 0 0 0 0 0

0 0 0 0 0 −(ab)−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 a−2 0

0 0 0 b−2 0 0

0 0 1 0 0 0

0 b−2 0 0 0 0

a−2 0 0 0 0 0

0 0 0 0 0 (ab)−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The complex of tangents of a Euclidean sphere with radius R (oval quadric with a = b = c = R)
is called complex of constant width. Its equation reads R2⟨l, l⟩ − ⟨l, l⟩ = 0.

Complexes of constant slope

Lines that enclose a certain fixed angle ϕ with a fixed plane π form a
complex of constant slope. It is easily verified that the Plücker coordinates(l1, . . . , l6) of such a complex fulfill

l21 + l
2
2 − l

2
3 tan

2ϕ = 0, (10.28)

provided that the plane π equals z = 0 in Euclidean 3-space and the slope
equals tanϕ.

Especially the case ϕ = π
4

is of theoretical interest. The thus defined
complex consists of all lines that meet the plane π under an angle of
π
4
. In the projective closure of Euclidean 3-space, we can say that this

complex consists of all straight lines that meet a real conic in the ideal
plane.

The cyclographic mapping uses this complex in order to project points P

in R
3 to oriented Euclidean circles P z in the plane π. The complex cones

in the complex of constant slope are cones of revolution with vertical axes,
i.e., their axes are orthogonal to the plane π and the complex cone ΓP

(centered at P ) intersects π in the (oriented) circle P z with its center
being the orthogonal projection P ′ of P onto π. The signed radius of
P z equals the z-coordinate of P z (oriented Euclidean distance from P to
the image plane). The circle P z is called the cyclographic image of P (cf.
Section 9.4).

The inverse of the cyclographic mapping relates Euclidean circle geometry
(in the plane π) with the pseudo-Euclidean geometry in the space R

3,
which is often referred to as Minkowski space and then denoted by R

2,1.
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◾ Example 10.1.9 The complex of isotropic lines in Euclidean 3-space.

The complex of isotropic lines in Euclidean 3-space is best described in the projective closure
and complex extension of Euclidean 3-space. Therefore, we use homogeneous coordinates
(x0 ∶ x1 ∶ x2 ∶ x3) ≠ (0 ∶ 0 ∶ 0 ∶ 0) in order to describe points. The coordinates xi can be even

complex numbers if necessary.

The complex of isotropic lines consists of all lines that meet the absolute conic x2

1
+x2

2
+x2

3
= 0

in the ideal plane x0 = 0. Therefore, the Plücker coordinates (l1, . . . , l6) of these lines fulfill
l2
1
+ l2

2
+ l2

3
= 0. A projection with the help of this complex to the plane π ∶ x3 = 0 maps

points P = (1 ∶ xP ∶ yP ∶ zP ) to empty circles (x − xP )2 + (y − yP )2 + z2P = 0, i.e., circles with
a real center (xP , xP ,0) and a purely imaginary radius izP (cf. [46, Exc. 7.1.1, p. 264]). The
projection with the complex of isotropic lines is usually called isotropic projection.

At first glance, such a projection seems to be useless. However, in Descriptive Geometry, the
isotropic projection finds its application when constructing directly in perspective images.

A perspective image is the result of a central projection from a point O (eye) onto a plane

π /∋ O (image plane). The isotropic projection of the eye O to π clearly yields an empty circle.
The polarity w.r.t. this circle can be realized as the anti-polarity w.r.t. to its real representative

o (see [46, Exc. 7.1.1, p. 264, 265] or Theorem 4.2.11). In this context, the circle o is called
the distance circle of the perspective image.

O

o
Hπ

nc
u N c

u

ν

n

FIGURE 10.11. The Euclidean orthogonality in the star about O is projected
to the anti-polarity w.r.t. the distance circle o in the image plane π from the eye
point O. The plane ν and the line n are orthogonal, and thus, the respective
vanishing line nc

u and vanishing point N c

u are antipolar w.r.t. the circle o.

Lifting the anti-polarity w.r.t. o to the star of lines about O, yields the Euclidean orthogonality

in the star about O, which allows us to find the vanishing points of directions orthogonal to
given planes, or the other way around (cf. Figure 10.11).

Figure 10.12 illustrates how the anti-polarity w.r.t. the distance circle o is used in constructions
within perspective images.

Path tangents of a Euclidean or an equiform motion

According to Theorem 10.1.3, the path normals of a Euclidean motion at
any regular instant form a linear line complex. This is not the case for
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H

o

U c

xc

yc

zc
Xc

u

Y c
u

Zc
u

pc1u

pc2u

pc3u

FIGURE 10.12. The vanishing points of Xc

u, Y c

u , Zc

u of the axes of a Cartesian
frame are the vertices of an antipolar triangle of the distance circle o. The
principal (vanishing) point H (orthogonal projection of the eye point O onto
the image plane π) is the orthocenter of the triangle of the three vanishing
points.

the path tangents although the velocity vector field at any regular instant
is linear, which is clear by virtue of (10.17).

At this point we will extend the study of path tangents from the case of
purely Euclidean motions to the case of equiform motions that covers the
Euclidean case. An equiform motion µ ∶ R

3 → R
3 is the composition of

a Euclidean motion with a dilatation. With A ∶ I ⊂ R → SO3, a ∶ I →

R
3, and α ∶ I → R

⋆, we can describe a one-parameter equiform motion
transforming points X to points X ′ by

x′ = αAx + a. (10.29)

Differentiating once w.r.t. t and rewriting ẋ′ = v(x) in terms of x′ =
1
α
AT(x−a), i.e., in the fixed system, we arrive at a linear representation

of the velocity vector field as

ẋ′ = v(x) = γx′ + c × x′ + c, (10.30)
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where we have set

γ = α̇α−1, c × x′ = ˙AATx′, and c = ȧ − α̇α−1a − c × a.

(10.30) also covers the special case of the vector field of Euclidean motions
as given in (10.17).

This time we are not interested in the study of path normals. In the case
of equiform motions, it has been revealed that the study of line elements

(lines plus incident points) is much more fruitful (see [58, 93]).

We return to the linear velocity vector field (10.30) and let x = (x, y, z).
In [93], it has been shown that the suitable choice of a coordinate system
transforms the triple (c,c, γ) into one of four normal forms.

Without loss of generality, it can always be assumed that

c = (0,0,1), c = (0,0, p), with p, γ ∈ R.

Then, the velocity of the point X (with coordinate vector x) can be
written as

v(x) = (γx − y, γy + x,γz + p),
and the path tangents (considered as straight lines) have Plücker coordi-
nates

T = (γx − y, γy + x,γz + p;py − xz,−px − yz,x2 + y2). (10.31)

An implicit equation of (10.31) can be found by homogenizing the Carte-
sian point coordinates with

x→X1X
−1
0 , y →X2X

−1
0 , z →X3X

−1
0

and taking into account that the Plücker coordinates (t1, . . . , t6) of T have
to fulfill (10.2). This yields

γ(t1t5 − t2t4) + p(t21 + t22) − t3t6 = 0, (10.32)

which is obviously a quadratic complex. For γ = 0 and p ≠ 0, (10.32) is
the equation of the instantaneous tangent complex of a Euclidean motion.
The equation of the quadratic complex of path tangents of a pure spiral
motion is obtained if we insert γ ≠ 0 and p = 0 into (10.32). The complex
(10.32) is of characteristic [222].
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Collineation complexes

Assume that

κ ∶ P3(F)→ P
3(F) with x↦ y =Ax

is a projective collineation. Then, the lines joining each point X = xF with
its κ-image Y = yF form a quadratic complex of lines. This is clear, since
x ∧ y is quadratic in the homogeneous coordinates x = (x0, x1, x2, x3) of
X, and so are the Plücker coordinates (l1, . . . , l6) of the lines l = [X,Y ].
The elimination of x0, x1, x2, and x3 from the parametrization of the
complex yields a quadratic form that is the complex’s equation.

Tetrahedral complexes

A tetrahedron T is a polyhedron with four vertices and four faces. Natu-
rally, it has six edges. A straight line l that intersects no edge of T will
meet the four faces Fi in four mutually distinct points Li (i ∈ {0,1,2,3}).
Then, the cross ratio cr(L0,L1,L2,L3) = δ of these four points will be
any value in F {0,1}. The set of all lines intersecting the faces of T at
a fixed cross ratio δ ∈ F {0,1} is called a tetrahedral complex.

We will give an equation of a tetrahedral complex based on a suitable coor-
dinatization. For that purpose, we assume that the vertices of T coincide
with the base points of the projective frame. Provided that the lines in
question have the Plücker coordinates (l1, . . . , l6), the homogeneous coor-
dinates of its intersections L0, . . . , L3 with the faces of T given by x0 = 0,
. . . , x3 = 0 can be read off from the rows (or columns) of (10.7). Using L0

and L3 as the base points b0 = (1,0)F and b1 = (0,1)F of the projective
frame on l, the points L1 and L2 obtain their homogeneous coordinates
on l:

l1 = (−l5, l1)F and l2 = (l4, l2)F.
With the cross ratio formula (5.6) from [46, p. 202], we compute
cr(L0,L1,L2,L3), equate this with the chosen value δ ∈ F {0,1}, and
find the equation of the complex

l2l5 + δl3l6 = 0.

Axes of a quadric

Each point P in a three-dimensional metric space sends a unique normal
nP to its polar plane πP w.r.t. a regular quadric Q (cf. Figure 10.13).
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Thus, the totality A of all such lines is a three-dimensional submanifold
of the manifold of lines, i.e., a complex of lines. It is called the complex

of axes of Q. This complex contains the congruence of surface normals
of Q, since the points of the quadric are incident with their polar planes,
the tangent planes of Q. It is clear that the principal axes are among the
axes of a quadric.

In order to give an analytic description of this complex, we may assume
that a quadric Q with center is given by

Q ∶ x2

a
+
y2

b
+
z2

c
= 1 (10.33)

with non-vanishing and non-proportional constants a, b, c. Note that
this includes ellipsoids and hyperboloids as well. The case of a quadric
without center (elliptic or hyperbolic paraboloid) is postponed to Exercise
10.1.12.

P

Q
a

πP

ΓP

FIGURE 10.13. The axes a of a quadric Q through a point P are orthogonal to
the polar plane πP of P with regard to the quadric. The complex cone ΓP at P
of the complex of axes is a quadratic cone centered at P .

For a generic point P = (ξ, η, ζ), its polar plane πP with regard to Q has
the equation

πP ∶
xξ

a
+
yη

b
+
zζ

c
= 1,
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and the normal nP from P to πP can be parametrized by

nP (λ) = ⎛⎜⎝
ξ

η

ζ

⎞⎟⎠ + λ
⎛⎜⎜⎝

ξ
a
η
b
ζ
c

⎞⎟⎟⎠ ,

which in terms of Plücker coordinates reads

(l1, l2, l3; l4, l5, l6) =
= ( ξ

a
, η
b
, ζ
c
; ( 1

c
−

1
b
)ηζ, ( 1

a
−

1
c
) ζξ, (1

b
−

1
a
) ξη) . (10.34)

Eliminating the parameters ξ, η, ζ, we find the implicit equation of the
complex A ∶ al1l4 + bl2l5 + cl3l6 = 0. (10.35)

Obviously, A is a quadratic complex. Moreover, with (10.34) and the
cross ratio formula [46, Eq. (5.6) on p. 202]), we find that

cr(L0,L1,L2,L3) = a − c

a − b
= const., (10.36)

which makes the complex A a tetrahedral complex.

According to Exercise 7.1.3, the poles of a fixed plane w.r.t. the quadrics
of a confocal family are located on a line orthogonal to π. Therefore, the
complex does not change if Q is replaced by a confocal quadric. Con-
sequently, it comprises all surface normals of the confocal family. By
Theorem 7.1.2, the complex cones contain triples of mutually orthogonal
lines and, are therefore, equilateral (cf. [46, p. 459]).

● Exercise 10.1.12 Complex of axes of paraboloids.

Show that the equation of the complex of axes of a paraboloid

P ∶ x2

a
+

y2

b
= 2z

with a, b ∈ R⋆ is proportional to

A ∶ (a − b)l1l2 + l3l6 = 0.
The case of an elliptic paraboloid is covered if both constants a and b have the same sign;
otherwise the hyperbolic paraboloid is given.

● Exercise 10.1.13 Complex cone of the complex of axes.

Let P be a generic point with Cartesian coordinates p = (ξ, η, ζ), and let Q be the quadric
(10.33). Further, with x = (x, y, z), we denote Cartesian coordinates.
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Show that the complex cone ΓP ⊂ A through P (in the axis complex (10.35)) has the equation

ΓP ∶ (x − p)T
⎛⎜⎝

0 (a − b)ζ (c − a)η
(a − b)ζ 0 (b − c)ξ
(c − a)η (b − c)ξ 0

⎞⎟⎠(x − p) = 0

and is an equilateral cone. ΓP degenerates if, and only if, P lies in a plane of symmetry of Q
or if, and only if, Q is a quadric of revolution.

Orthogonal polars w.r.t. a quadric

P

Q

P ⋆�→

g

ĝ

h

ĥ

FIGURE 10.14. In a pencil of lines and its polar pencil, we find exactly two
pairs (g, ĝ) and (h, ĥ) of orthogonal polars with regard to the quadric Q.

If the polar line l⋆ of a line l w.r.t. a quadric Q is orthogonal to l, then
the plane through l⋆ orthogonal to l has its pole on l. Hence, l belongs
to the complex of axes. Conversely, if l belongs to this complex, then its
polar line l⋆ lies in a plane orthogonal to l and is, therefore, orthogonal
to l. Thus, we obtain no new line complex.
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◾ Example 10.1.10 Orthogonal polars w.r.t. an ellipsoid.

Assume that an ellipsoid Q is given by (10.33), which is different from a sphere. Let now
(l1, . . . , l6) be the Plücker coordinates of a straight line l in the (preferably projectively closed)
ambient space of Q. The Plücker coordinates of the polar line l⋆ by applying the polarity

with the coordinate matrix
T = diag(−1, a−1, b−1, c−1)

to two points L0 and L3 on l. The homogeneous coordinates of L0 and L3 are taken from
(10.7), and then we find the homogeneous coordinates of the respective polar planes as π(L0) =
(0, l1a−1, l2b−1, l3c−1) and π(L3) = (l3, l5a−1,−l4b−1,0). The polar line l⋆ of l equals

l⋆ = π(L0) ∩ π(L3) = (al4, bl5, cl6;−bcl1,−cal2,−abl3).
The condition that polars are orthogonal is simply the orthogonality of the two direction

vectors, which yields the complex’s equation (10.35). Some lines of the complex are shown
in Figure 10.14. Thus, the complex of pairs of orthogonal polars with regard to a quadric
is a tetrahedral complex. The lines of the complex intersect the faces of the fundamental

tetrahedron in quadruples of points with the cross ratio given in (10.36).

Harmonic complex, Battaglini’s complex

Let Q1 and Q2 be two quadrics which have a common polar tetrahedron.
The common polar tetrahedron shall be the base of a projective frame.
Within this frame, both quadrics have the simplest equations, i.e., the
corresponding quadratic forms are diagonalized simultaneously. In the
case of two ellipsoids, we have

Q1 ∶
x2

a21
+
y2

b21
+
z2

c21
= 1 and Q2 ∶

x2

a22
+
y2

b22
+
z2

c22
= 1. (10.37)

We assume that neither a pair out of (a1, b1, c1) nor a pair out of(a2, b2, c2) consists of equal numbers, i.e., quadrics of revolution are ex-
cluded.

Let now (l1, . . . , l6) be the Plücker coordinates of an arbitrary straight
line l. This line will intersect the quadric Qi in two points Si,1 and Si,2

with i ∈ {1,2}. We aim at a description of all lines such that the four
points S1,1, S1,2, S2,1, and S2,2 are harmonic, i.e., that they form the
cross ratio −1.

An affine parametrization of l can be given by intersecting the third and
fourth plane through l given in (10.11) (just replace ci with li and multiply
from the left with (x0, . . . , x3)T). We obtain

l(t) = ⎛⎜⎝
0

−l6l
−1
1

l5l
−1
1

⎞⎟⎠ + t
⎛⎜⎝

1

l2l
−1
1

l3l
−1
1

⎞⎟⎠ , (10.38)
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where t ∈ R is an affine parameter on l. Inserting (10.38) into (10.37),
we find two quadratic equations whose solutions shall be denoted by ti,j
(with i, j ∈ {1,2}) and correspond to the common points Si,j of l and Qi.
According to Vieta’s Lemma, the solutions ti,j satisfy

ti,1 + ti,2 = −
2a2i (b2i l3l5 − c2i l2l6)

a2i b
2
i l

2
3 + a

2
i c

2
i l

2
2 + b

2
i c

2
i l

2
1

,

ti,1 ⋅ ti,2 =
a21(b21l25 + c21l26 − b21c21l21)
a21b

2
1l

2
3 + a

2
1c

2
1l

2
2 + b

2
1c

2
1l

2
1

(10.39)

with i = 1,2. The parameter values ti,j can be transformed into homoge-
neous coordinates of the points Si,j on the line l by simply setting (1, ti,j).
Then, we use formula (5.6) from [46, p. 202] and find that the four values
ti,j have to satisfy

2(t1,1t1,2 + t2,1t2,2) − (t1,1 + t1,2)(t2,1 + t2,2) = 0 (10.40)

in order to make (S1,1, S1,2, S2,1, S2,2) a harmonic quadruple (in that par-
ticular ordering).

Now, we insert (10.39) into (10.40), use (10.2), and arrive at the equation

H ∶ b21b22c21c22(a21+a22)l21+a21a22c21c22(b21+b22)l22+a21a22b21b22(c21+c22)l23 =
=a21a

2
2(b21c22+b22c21)l24+b21b22(a21c22+a22c21)l25+c21c22(a21b22+a22b21)

(10.41)

of the complex of lines that meet a pair of quadrics in four harmonic
points.

Obviously, the complex H (10.41) is a quadratic complex. In the litera-
ture, it is frequently referred to as Battaglini’s complex.6

Let us have a look at the complex cones of H. For that purpose, we
simplify the equation of the complex by using abbreviations for the co-
efficients of l2i , i.e., we write H’s equation in the form

H ∶ α1l
2
1 + . . . +α6l

2
6 = 0.

For a point P with Cartesian coordinates p = (ξ, η, ζ) ∈ R3, we assume
that the star of lines through P is parametrized by s = p + (u, v,w) with

6
Giuseppe Battaglini (1826–1894), Italian mathematician.
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(u, v,w) varying freely in R
3. The Plücker coordinates of the lines in the

star are (u, v,w;ηw−ζv, ζu−ξw, ξv−ηu). Inserting the latter into (10.41)
yields a condition on u, v, and w such that the parametrization of the star
becomes the parametrization of the complex cone through P . After the
subsequent elimination of the remaining parameters u and v, we obtain
the equation of the complex cone ΓP . With x = (x, y, z), it reads

ΓP ∶ (x−p)T ⎛⎜⎝
α6η

2
+α5ζ

2
+α1 −α6ηξ −α5ξζ

−α6ηξ α6ξ
2
+α4ζ

2
+α2 −α4ηζ

−α5ξζ −α4ηζ α4η
2
+α5ξ

2
+α3

⎞⎟⎠(x−p)=0
and degenerates if, and only if,

K ∶ α1α5α6ξ
4
+α2α4α6η

4
+α3α4α5ζ

4
+

+α6(α1α4+α2α5)ξ2η2+α5(α1α4+α3α6)ξ2ζ2+
+α4(α2α3+α3α6)η2ζ2+α1α2α3=0.

(10.42)

The quartic surface K is the locus of all points P ∈ R3 where the complex
cone ΓP degenerates and is, therefore, called the singular surface of the

complex. The surface K is called Kummer’s surface7 an example of which
is displayed in Figure 10.15. It is a quartic surface and has up to 16
real nodes, which are the vertices of four tetrahedra. The sixteen nodes
form a Kummer configuration: This is an arrangement of sixteen points
and sixteen planes such that each plane carries six points and each of the
points belongs to six planes.

Usually, the equation of Kummer’s surface is given in the form

(x2 + y2 + z2 −α2)2 − βλ1λ2λ3λ4 = 0, (10.43)

where λi are the equations of the four planes building the fundamental
tetrahedron. The constant α ∈ R can be chosen freely and β = (2α2

−

1)(2 − α2)−1. The surface depicted in Figure 10.15 is determined by α =

3/√8. The surfaces given in (10.42) and (10.43) differ only by a collinear
transformation.

It is worth mentioning that there exists a certain case of degeneracy: If
one of the quadrics (10.37) becomes the ideal conic of Euclidean geometry,

7
Ernst Eduard Kummer (1810–1893), German mathematician who worked in various fields
of mathematics such as number theory, function theory, and algebraic geometry. From the

line-geometric point of view, his most interesting work deals with line congruences (see [83]).
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FIGURE 10.15. Kummer’s surface with α = 3/√8 with 16 real nodes (displayed
as small red spheres).

then (10.42) is the equation of Fresnel’s wave surface8 (see Figure 10.16).
Assume that we are given an ellipsoid Q with center (0,0,0), semi axes
lengths a, b, c ∈ R+, and the equation as given in (10.33). The planes
through the center of Q have the equations

ε ∶ e1x + e2y + e3z = 0, (10.44)

where we may assume that the planes’ normal vectors e = (e1, e2, e3) are
unit vectors, i.e., e21 + e

2
2 + e

2
3 = 1. Each plane ε intersects the quadric in a

conic qε with major semiaxis aε and minor semiaxis bε. Applying ±aε and
±bε on the normal e, we obtain four points W1,2 = ±aεe and W3,4 = ±bεe,
which belong to one algebraic variety.

8
Augustin Jean Fresnel (1788–1827) was a French physicist and engineer who founded the
wave theory of light.
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The principal axes lengths are the extrema of the function f ∶= x2 +

y2 + z2 under the two side conditions (10.44) and (10.33). Geometrically
speaking, we are looking for a sphere S of radius r concentric with the
quadric Q such that the two surfaces touch. Hence, we build the Lagrange
function

F = x2 + y2 + z2 − λ(x2
a
+
y2

b
+
z2

c
− 1) − 2µ(e1x + e2y + e3z) (10.45)

with the two Lagrangian multipliers λ and µ. A necessary, but by no
means sufficient, criterion for F to be minimal at some point (x, y, z) is
that the partial derivatives of F w.r.t. x, y, and z vanish, i.e.,

∂F
∂x
= x (1 − λ

a
) − µe1 = 0, ∂F

∂y
= y (1 − λ

b
) − µe2 = 0,

∂F
∂z
= z (1 − λ

c
) − µe3 = 0. (10.46)

◾ Example 10.1.11 Constructive approach to Fresnel’s wave surface.

Multiplying the first equation with x, the second with y, the third with z, and summing them,
we find

λ = x2
+ y2 + z2 = r2, (10.47)

since (10.33) and (10.44) hold. Thus, each of the points Wi on the wave surface can be written
as w = re. We solve (10.46) w.r.t. x, y, z, and arrive at

x =
µe1a

a2 − r2
, y =

µe2b

b2 − r2
, z =

µe3c

c2 − r2
, (10.48)

where λ is replaced by r2 = x2
+ y2 + z2 according to (10.47). From the components of x = re,

we can infer

e1 =
x

r
, e2 =

y

r
, e3 =

z

r

and after multiplication of the first, second, and third equation in (10.48), we compute their

sum, which yields a first form of the equation of Fresnel’s wave surface as

W ∶ ax2

a − x2
− y2 − z2

+

by2

b − x2
− y2 − z2

+

cz2

c − x2
− y2 − z2

= 0, (10.49)

or, by subtracting from x2
+ y2 + z2 = r2, we find a second version

W ∶ x2

x2
+ y2 + z2 − a

+

y2

x2
+ y2 + z2 − b

+

z2

x2
+ y2 + z2 − c

= 0. (10.50)

It is also possible to give a parametrization of W :

x = ±

'**+(a − u)(bc − v)
(c − a)(a − b) , y = ±

'**+(b − u)(ca − v)
(a − b)(b − c) , z = ±

'**+(c − u)(ab − v)
(b − c)(c − a) .
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x y

zzzzzzzzzzzzzzzzz

N1N1N1N1N1N1N1N1N1N1N1N1N1N1N1N1N1

N2N2N2N2N2N2N2N2N2N2N2N2N2N2N2N2N2

c1c1c1c1c1c1c1c1c1c1c1c1c1c1c1c1c1

c2c2c2c2c2c2c2c2c2c2c2c2c2c2c2c2c2

c3c3c3c3c3c3c3c3c3c3c3c3c3c3c3c3c3

Q

W

FIGURE 10.16. The quartic Fresnel wave surfaceW has four conical nodes N1,
. . . , N4 corresponding to the umbilics of an ellipsoid Q. W intersects its planes
of symmetry along circles and ellipses (red and blue). There are four circles
c1, . . . , c4 on Fresnel’s surface that are the intersection of the four real double
tangent planes with W .

Painvin’s complex

The tangent planes of a regular quadric Q form the dual quadric Q⋆. A
quadric Q sends two tangent planes through each line that is not tangent
to Q, and thus, a quadric is said to be of rank two. This notion of rank
is not to be confused with the rank of a matrix, especially with the rank
of the coefficient matrix of a quadric. By assumption, Q is regular, and
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394, 398, 404, 416,
430, 453, 470–472,
494, 502

revolution, 262, 408,
426, 462, 493

revolution, 154, 464

two-sheeted, 8, 107, 117,
153, 280, 385, 387,
389, 390, 394, 430,
453, 502

revolution, 426, 462, 579

hypercircle hyperbolic, 167

hypercycloid, 462, 464

hyperosculate, 217

hyperosculating sphere, 445, 446

hyperplane, 191, 192, 368, 539

polar, 483

hypersphere, 378

isotropic, 378

hypocycloid, 462

I
ideal

curve, 435

element, 520

line, 121, 373, 419

plane, 121, 197, 360, 420,
433, 435

point, 121, 209, 361

identity mapping, 133

image

linear, 265

perspective, 504

plane, 125, 504

imaginary, 132

cone, 150
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element, 132

generator, 155

line

1. kind, 132

2. kind, 132, 169

quadric, 154, 155

sphere, 155

immersion, 573

incidence, 120, 485

incident, 120, 553

inclination, 457

independent, proj., 157

index of a quadric, 161, 484, 490,
520, 522, 552

induced

involution, 139, 159

polarity, 139, 159

inflection

node, 271

point, 470

instantaneous

complex, 486

kinematics, 358

rotation, 359

screw axis, 358

intersection, 157

projective n-space, 157

inversion, 204, 243, 524–526, 531,
532, 577

axial, 563

in a cylinder, 563

in a sphere, 524, 577

projective, 329

involute of a circle, 462

involution, 192, 198

conjugate points, 139

involutive, 132

correlation, 137

isogonal trajectory, 169, 175

isolated

double point, 210

node, 210

isometry, 168, 171, 301, 542

elliptic, 542

isomorphic projective spaces, 121

isotropic, 76, 155, 455

cone, 78, 498, 520, 524

line, 151, 216, 290, 498

plane, 151

Ivory

box, 298

quadrangle, 298, 306, 311

Ivory’s theorem, 294, 306

Ivory, James, 294

J
Jacobi’s focal property, 8, 72

Jacobi, Carl Gustav Jacob, 72, 290

Joachimsthal, Ferdinand, 292

K
Karlskirche, 114

kinematics, Euclidean, 486, 533

Klein

mapping, 482

model, 477

Klein, Felix, v, 477, 482

Kronecker product, 488

Kummer

configuration, 513

surface, 513

Kummer, Ernst Eduard, 513

L
Laguerre

formula, 76, 151

geometry, 377, 454

point, 173

transformation, 529

Laguerre, Edmond Nicolas, 76,
377, 454

Lamé curve, 567, 568

Lamarle’s formula, 410

Lamarle, Ernest, 410, 411

latitude, 23, 372

Law of Cosines, 522

lead, 452, 457, 462

left parallel, 172, 173

lemniscate, 256, 268

Bernoulli’s, 268, 271, 275

Gerono’s, 256

length of a quaternion, 536, 537

Lie

coordinates, 519

group, 487

sphere, 520

Lie’s

line-sphere-mapping, 476,
522, 530

osculating quadric, 415, 416

quadric, 378, 476, 519, 520

Lie, Sophus, 519

light cone, 499

lightlike, 455, 529

line, 120, 185, 187, 188, 192, 245,
368, 462, 471, 478,
485, 490, 491, 526,
527, 551, 553

absolute, 165, 169

affine space, 93

asymptotic, 275, 276

at infinity, 121, 419, 482

congruence, 291

elliptic, 173

linear, 491

contact, 190, 387, 442

coordinates, 478

curvature, 438, 440

quadric, 287

double, 187

element, 198, 224, 506

hyperbolic 3-space, 165

ideal, 373, 419

in L
4

2
, 527

in M
4

2
, 495, 497

isotropic, 151, 193, 216,
373, 499, 504

lightlike, 499

of intersection, 125

ordering, 238

oriented, 377, 542, 550

orthogonal, 170

polar, 138, 393, 510

projective, 371

projective 3-space, 121

self-polar, 228

skew, 126, 268, 276

spacelike, 499

timelike, 499

vanishing, 504, 505

Line Geometry, 477, 480

Euclidean, 542

projective, 480

line-symmetric motion, 559

linear

branch, 266

complex

lines, 358, 359, 483, 484,
489, 501, 504, 528

regular, 483

singular, 483

spheres, 528

factor, 267, 277, 497

line congr., 490

ell., 493, 494

hyp., 400, 492

par., 399, 495

sing., 495

manifold compl., 491, 495

space, 157

lines

coplanar, 482, 497

hyperboloid, 49

skew, 262, 419

Liouville net, 306

Liouville’s Theorem, 526

LN surface, 432, 433

logarithmic spiral, 462

longitude, 23

loxodrome, 169, 173

elliptic, 173

spherical, 169

toroidal, 175

M
major

axis, 112

semiaxis, 112

Mannheim curve, 463

mapping

affine, 12

conformal, 371

cyclographic, 454

exponential, 487

involutive, 371

isometric, 399
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projective, 232, 371

matrix

characteristic, 182

dual, 546

orthogonal, 533, 546

skew symmetric, 228, 485

maximum dimension, 107, 161

mean curvature, 346, 385, 386,
390, 395, 422

meridian, 29, 440

hyperboloid of rev., 29

plane, 30, 204

quadric, 76

metric, 472, 529

Meusnier

point, 346, 420, 423

sphere, 346

milling, 436

Minkowski space, 499, 503

Minkowski, Hermann, 456

minor

axis, 112

semiaxis, 112

module, 543

Möbius

group, 166

strip, 256, 257

tetrahedron, 318

transformation, 204

momentum

angular, 478

vector, 478, 542, 546

Monge, Gaspard, v, 20

monomial basis, 378

motion, 152

coupler, 551

elliptic, 84

Euclidean, 486, 487, 504,
506, 533, 540, 546–
550

helical, 416, 458, 486, 490,
550

hyperbolic, 168

hyperbolic, 166

k-parameter, 551

line-symmetric, 559

one-parameter, 486, 551

planar, 461

spherical, 201, 538, 540

spiral, 506

Study’s representation, 549

trochoid, 464

Müller, Emil, 564

Müller’s surface, 563, 566

multifocal
curve, 583

surface, 579

multiplication, quatern., 173, 537

N
natural

channel surface, 446

equation, 463

pipe, 447

needle

cyclide, 204, 531, 532

torus, 204

net of translation, 58

Newton, Isaac, v

Nicéron, Jean François, 329

node

conical, 514

isolated, 210

ordinary, 210

surface, 513
norm

multiplicative, 537

quaternion, 536, 537

normal, 200, 468

congruence, 339, 508

curvature, 392, 574

curve, 207, 228, 276

cylinder, 443

form

ellipse, 99

lin. congr., 492, 493, 495

linear complex, 489

planar cubics, 210

quartics, 1. kind, 252

path, 486, 506

plane, 215, 507, 526

pseudo-Euclidean, 453

principal, 457, 470

vector, 432

normalization, 542, 545

n-simplex, 157

n-space, projective, 157

nucleus, 488

null

circle, 62, 79, 155

line, 228

plane, 485

point, 485

polarity, 139, 158, 227, 228,
484, 485, 488, 489

sphere, 199, 520, 527, 529,
530

pseudo-Euclidean, 453

number

dual, 543

hypercomplex, 535

O
octave, 553

offset, 443, 451

curve, 431

cylinder, 428, 435, 443

ellipse, 428, 431, 436

elliptic cylinder, 436

hyperbola, 436

hyperbolic cylinder, 436

parabola, 436

parabolic cylinder, 436

paraboloid, 432

quadratic cone, 433, 435

quadric, 428

sphere, 428

surface, 448

one-parameter

family

cones, 439, 440

conics, 562

cylinders, 438

linear, 179

planes, 434

quadrics, 436

spheres, 437–440

motion, 486

subgroup, 486

ordinary node, 210

oriented

contact, 522

line, 542

plane, 520, 527

sphere, 520

origin of coordinates, 523, 534

orthocenter, 505

orthocircle, 202

orthogonal, 92, 529

elliptic, 170

grid, 204

hyp. paraboloid, 53

hyperbolic, 166

line, 170

matrix, 546

net, 76

plane, 170

polar, 510

projection, 76, 293

section, 289

tangent planes, 518

trajectory, 388, 407, 409,
564

view, 18, 293

orthogonality, 151

Euclidean, 504

osculating

circle, 446

plane, 215, 216, 226

cubic, 234, 235

quadric, 413

Lie’s, 413, 415

tetrahedron, 226

Oskulatorie, 575

oval quadric, 142, 150, 493, 502

P
Painvin’s complex, 516, 518

Painvin, Louis Felix, 518

pair

lines, 185–187, 262

parallel lines, 574

planes, 117, 360

complex conjugate, 502

real, 502

Pappian space, 127

parabola, 18, 113, 221, 256, 376,
377, 436
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cubic, 208, 217

hyperosculating, 217

semi-cubic, 426

parabolic

cylinder, 117, 289, 436

horn cyclide, 531, 532

hyperbolic, 374

needle cyclide, 531, 532

pencil

spheres, 526

quadric, 113, 117

ring cyclide, 531, 532

paraboloid, 117, 152, 374, 381,
389, 394, 432, 433,
472

doubly touching, 262

elliptic, 8, 117, 152, 283,
374, 381, 384, 390,
417, 424, 432, 472,
474, 509

equilateral, 53

hyperbolic, 8, 55, 117, 152,
259, 262, 283, 360,
361, 381, 384, 390,
398, 403, 409, 411,
416, 424, 425, 432,
472–474, 494, 502,
509, 579

orthogonal, 409, 566

revolution, 87, 154, 426,
428, 462, 463

ruled, 53

paracycloid, 462

parallel

circle, 440, 458, 463

ellipsoid of rev., 14

hyperboloid of rev., 29

quadric, 76

lines, 112, 121

postulate, 165

projection, 272

surface, 451

parallelepiped, 24

Parallelflächen, 451

parameter

affine, 245

homogeneous, 245

parabola, 86, 114, 340

parametrizable, quadr., 432, 433

parametrization, 374, 378, 381,
394, 539

polynomial, 211, 368, 378

rational, 211, 368, 378, 396,
403, 572

trigonometric, 572

Pascal’s

limaçon, 331, 332

Theorem, 51

Pascal, Blaise, v

path

normal, 486, 506

tangent, 504

complex, 504

pedal point, 478, 493, 546

pencil

circles, 197, 202

concentric, 198

elliptic, 198

hyperbolic, 198

parabolic, 198, 566

complexes, 490, 493, 577

conics, 178, 180, 181, 183,
191, 192, 195, 198

1. kind, 181

2. kind, 181

3. kind, 181, 442

4. kind, 181

5. kind, 181

double, 497

entangled, 497

lines, 120, 373, 438, 479,
491, 492, 495, 497,
498, 554

planes, 191

quadratic cones, 195

quadrics, 179, 183, 189,
191, 192, 195, 206,
277, 360, 499, 500

singular quadrics, 195

spheres, 197, 202, 519

concentric, 200, 201

elliptic, 199, 202, 527

hyperbolic, 199, 202, 527

parabolic, 200, 202, 526

perspective

collineation, 136

image, 329

perspectivity, 130, 232

perspector, 127, 130

perspectrix, 127, 130

piercing point, 121

pinch point, 274

pipe surface, 437, 441

piping, 436

pitch, 168

helical motion, 458, 486

helix, 408

reg. line compl., 485

planar curve, 501

plane, 120, 191, 203, 399, 434,
471, 482, 495, 519,
529, 552–554

1. kind, 480, 495, 497, 498,
552

2. kind, 480, 495, 498, 499,
552

absolute, 165, 169

affine space, 93

anti-Fano, 127

asymptotic, 401, 491, 495

at infinity, 121, 151, 152,
197, 360, 420, 435,
456, 482, 498, 499,
504, 520

axial, 133

central, 401

coincidence, 239

diameter, 40

double, 502

Euclidean, 371, 454

exceptional, 375

Gaussian, 370

hyperbolic 3-space, 165

ideal, 420, 429, 498, 499,
504

isotropic, 151

normal, 215

oriented, 519, 520, 527, 529

orthogonal, 170

osculating, 215, 216, 226,
229, 234, 399, 435,
447

polar, 138, 191, 508

projective, 120, 573

projective 3-space, 121

radical, 527

rectifying, 215, 447

ruled, 236, 490, 552, 554

self-conjugate, 138

skew, 480

symmetry, 64, 248

tangent, 420, 423, 435, 574

vanishing, 375

Plücker

condition, 478, 499, 542

coordinates, 414, 415, 478,
542

Plücker’s

conoid, 38, 67, 268, 272,
275, 276, 292, 433,
493, 577

quadric, 415, 476, 477

Plücker, Julius, 477

point, 120, 245, 485, 519

absolute, 151, 165, 169,
216, 373

affine space, 93

antipodal, 371

at infinity, 121, 209, 221,
375, 482

base, 124

central, 401

concyclic, 245

contour, 272

control, 378, 380

elliptic, 574

fixed, 200

focal, 293

four fold, 396

hyperbolic, 574

hyperbolic 3-space, 165

ideal, 216, 375

improper, 520

inflection, 445, 470

inverse pair, 371

Laguerre, 173

Meusnier, 346, 420, 423

of contact, 141, 448

of intersection, 121, 125

parabolic, 574

parasitic, 253, 256

pedal, 546

principal, 191, 505

projective n-space, 157

regular, 208

self-conjugate, 138
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singular, 191, 432, 446, 530,
554

timelike, 499

umbilic, 282, 307

unit, 158

vanishing, 504, 505

polar, 449

form, 20, 96, 439, 483, 522

ellipsoid, 20

hyperplane, 159, 483

line, 138, 364, 393, 510

orthogonal, 510, 511

plane, 138, 191, 496, 497,
507, 508, 528

ellipsoid, 18

paraboloid, 61

space, 159, 526, 554

system, 521

of L
4

2
, 521

of M
4

2
, 482

tetrahedron, 145, 184, 191

polarity, 138, 158, 488, 521

w.r.t. L
4

2
, 521

w.r.t. M
4

2
, 482

absolute, 151, 165, 169

elliptic, 139

hyperbolic, 139

null, 139, 158, 489

pole, 138, 159, 420

ellipsoid, 18

north, 468

paraboloid, 61

south, 468

polhodes, 464

polynomial

Bernstein, 378

characteristic, 500, 524

porism, 47

position vector, 93

principal

axis, 184, 508

hyperbola, 113

quadric, 108

curvature, 394, 423

direction, 13, 341

tangent, 13, 288, 293,
345, 346

normal, 457, 470

plane of a pencil, 191

point, 191, 505

of a pencil, 191

section, 10, 293, 468, 472

paraboloid, 53

self-polar tetrahedron, 154

views, 215, 252, 256, 265,
390, 433

principle of

duality, 126, 554

triality, 554

product

distances, 584

quaternion, 536

scalar, 537

projection, 125, 210, 211, 240,
241, 243

central, 18, 221, 504, 505

gnomonic, 219

isotropic, 504

orthogonal, 21, 76, 238,
265, 293, 443

parallel, 221, 272

stereographic, 24, 75, 175,
224, 245, 368, 374,
539, 552

theorem, 315

projective

n-space, 157

collineation, 158

coordinate frame
n-space, 158

coordinates

in a plane, 131

on a line, 131

correlation, 137, 158

frame, 226

generation

regulus, 143

model

elliptic 3-space, 169

hyperbolic 3-space, 165

plane, 120, 573

space, 120

subspace, 157

projectively closed Euc. 3-sp., 121

projectivity, 130, 143

fundamental, 495

proper, 121

pseudo natural equation, 461

pseudo-Euclidean geometry, 499

Q
quadrangle, 125, 127

skew, 555

quadratic

complex, 184, 499, 501

collineation, 507

tetrahedral, 507

cone, 104, 115, 150, 212,
259, 368, 385, 433,
490, 497

cylinder, 212, 385

form, 95, 496, 520, 523, 567

function, 96

quadratically parametrizable, 573

quadrialteral

skew, 360

quadric, 8, 92, 98, 158, 206, 212,
217, 368, 567

absolute, 165, 169

central, 10, 106, 153, 287,
343, 369, 385, 387,
428, 430

confocal, 202, 280, 286, 392,
509

conical, 104, 106, 108, 112,
115

cylindrical, 106

degenerate, 8, 497

empty, 8, 112, 114, 115,
117, 155, 502

four-dimensional, 477

homofocal, 280

imaginary, 8, 154, 155

Lie’s, 476, 519

model, 519

on three lines, 414, 415

osculating, 413

oval, 218, 493, 494, 496,
497, 502

parabolic, 106, 113, 117,
374

Plücker’s, 476, 477

reducible, 112

regular, 8, 217, 502

revolution, 76, 154, 385,
460, 510

ruled, 27, 107, 171, 212,
219, 273, 398, 470,
490, 492, 495, 502,
552, 554

singular, 8, 150, 181, 191,
195, 247, 249, 253,
360, 415, 433, 500,
502

six-dimensional, 551

Study’s, 476, 547

trisecant, 268

quadrilateral, 127

skew, 36, 55, 189, 190, 259,
262, 361

quadruple, Pythagorean, 539

quartic, 185, 187–190, 206, 247,
248, 253, 258

1. kind, 189, 206, 247, 248,
254, 258, 277, 390,
392, 469

degenerate, 188, 258,
259, 262

2. kind, 172, 174, 206, 247,
266, 270, 276, 387,
471, 472

degenerate, 276

closed, 268

curves, 273

planar, 265

rational, 264, 265, 268

ruled surface, 358

Sturm type I, 359

Sturm type III, 358

Sturm type V, 359

surface, 513, 516, 530, 573,
575

cyclic, 530, 576

with cusp, 185, 186

with double point, 187

quaternion, 173, 535, 538, 550

conjugate, 536

dual, 547–550

unit, 548, 550

Hamiltonian, 550

length, 536, 537

multiplication, 173, 537

norm, 537

product, 536

scalar, 536
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unit, 536, 537, 540, 548

vector, 536, 538

R
radical plane, 197, 198, 200, 527

radius

cylinder, 443

helix, 408

sphere, 529
range

points, 120, 554

quadrics, 193

rank of a quadric, 516

rational
curve, 211, 464

parametrization, 211, 572

ellipsoid, 24

PH curve, 216

quartic, 264

real, 132

element, 132

projective space, 121

representative, 155

reducible quadric, 112

reflected image, 329

reflection, 154, 329

affine, 152

elliptic, 171

hyperbolic, 166

in a plane, 526

in vertical cylinder, 329

physical, 329

plane, 526

regular

cone, 502

quadric, 8, 106

regulus, 27, 143, 268, 270, 398,
402, 403, 409, 415,
491, 492, 494–496,
530, 554

complementary, 30, 63, 143,
144, 268, 277, 415,
496, 497, 530

hyperboloid, 35

mono-secants, 268

paraboloid, 53

trisecants, 268

unisecants, 268

relativity, special, 456

renormalization, 208, 226

reparametrization, 208, 226, 370,
380

representation of a group, 539

resolution of singularities, 211

right

angle, 204

parallel, 172, 173

rigidity, 294

ring

cyclide, 119, 175, 204, 531,
532

of dual numbers, 543

torus, 175, 204, 257

rolling ball blend, 441, 443

constant radius, 441

variable radius, 441

Roman surface, 573

rotation, 359, 486, 487, 490,
494, 525, 526, 533–
535, 547, 548, 551

elliptic, 171

hyperbolic, 167

instant, 359

matrix, 540

rational, 539

uniform, 416

ruled

paraboloid, 53

plane, 236, 477, 479, 490,
495, 501, 552

quadric, 27, 107, 142, 150,
171, 212, 268, 273,
470, 490, 492, 495,
496, 502

surface, 27, 32, 53, 398, 416,
438, 493, 495, 577

conoidal, 268, 578

cubic, 433, 493

developable, 387, 416

helical, 416

quartic, 358

skew, 33, 399, 400

Sturm type I, 359

Sturm type III, 358

Sturm type V, 359

torsal, 387, 399, 416

ruling, 27, 231, 275, 395, 398, 453

one-sheeted hyp., 464

paraboloid, 472

quadric, 142, 266, 470

regular, 495

torsal, 410

S
satellite geodesy, 316

scalar product, 92, 452, 537

canonical, 543

pseudo-Euclidean, 452, 454

scaling

axial, 17, 295

factor, 523

screw motion

elliptic, 171

hyperbolic, 168

secant, 165

secondary axis, 113

section, principal, 10, 468, 472

self-adjoint correlation, 137

self-conjugate, 158

plane, 138

point, 138

points, 18

self-intersection, 432

self-polar, 138, 497

space, 159

tetrahedron, 145, 191

semi-cubic parabola, 211

semiaxis, 10

ellipse, 99

major, 112

minor, 112

quadric, 108

secondary, 64

shape operator, 568

side view, 32, 252, 265

signature, 161, 551, 567

bilinear form, 102

metric, 455

quadratic form, 522, 567

similarity, 152, 523

central, 460

simplex, 157

singular

linear complex, 359

plane, 191

point, 191, 446, 554

quadric, 150

quadric, 8, 106, 150, 500

surface, 513

singular values, linear map, 302

singularity, 265, 420, 530

composed, 266

quartic space curve, 264

skew, 157, 528, 553

field, 535

generator, 32

involution, 136

isogram, 555

lines, 126, 268, 276, 419

planes, 480

quadrangle, 555

quadrilateral, 189, 259, 360,
361

ruled surface, 33

solids, 553

slope, 451, 457

angle, 452, 458

constant, 451

small circle, 438

solid, 552–554
space

affine, 152
curve

cubic, 206, 207

degree 3, 206, 207

degree 4, 206, 247

quartic, 206, 247

exceptional, 552

fixed, 524

linear, 157

Lorentz, 292

Minkowski, 292, 456, 499

polar, 526, 554

projective, 120

pseudo-Euclidean, 454

self-polar, 159

spacelike, 455, 529

point, 499

span, 157

projective n-space, 157
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spanned plane, 125

spatial gearing, 40

spear, 377, 455, 542, 543, 550

coordinates, 548

special relativity, 456

speed of light, 456

sphere, 154, 189, 202, 203, 256,
380, 392, 419, 420,
422, 428, 434, 438,
519, 523, 524, 531,
532, 539, 540, 562,
579

central, 199

concentric, 189, 190, 202,
527

coordinates, 519

empty, 175

Euclidean, 373, 503, 524

unit, 577

hyperosculating, 445

imaginary, 155

Meusnier, 346

null, 520, 529, 530

oriented, 378, 519, 520, 529

proper, 529

three-dimensional, 539, 540

two-dimensional, 540

unit, 369, 524

Sphere Geometry, 519

spherical

conic, 219, 289

cubic, 219

image, 398

isogram, 558

kinematic image, 542

kinematic mapping, 542

loxodrome, 169

spindle

cyclide, 204, 531, 532

torus, 204

spine curve, 437, 443

pipe surface, 437

spiral

cylindro-conical, 458, 460

motion, 506

spiric curves, 584

Spitzpunkt, 266

spread, 491

Stäckel net, 306

standard cubic, 207

star, 572

lines, 120, 419, 477, 479,
490, 495, 501, 552,
554

planes, 120

Staude, Otto, 319

Steiner’s

definition, 234

hypocycloid, 39

surface, 573

Steiner, Jakob, 573

stereographic projection, 224, 552

straight

cycloid, 466

line, 211, 259, 276, 542

oriented, 542

striction, 407

curve, 398, 401, 403

quadric, 402

function, 407

point, 33

strophoid, 331

Study parameter, 550, 551

Study’s

kinematik mapping, 551

principle, 550

quadric, 476, 547, 551

subgroup, one-parameter, 486

subspace

affine, 93

projective, 157

sum of distances, 579

Super-Egg, 569, 571

supercyclides, 562

Superellipse, 569

superellipsoid, 568, 571

superhyperboloid, 568, 570

one-sheeted, 570, 571

two-sheeted, 570, 571

superparaboloid, 568

superquadric, 562, 567, 568

degree d, 568

supersphere, 568

support function, 385, 386

surface

Bézier, 368, 378, 380, 381

central, 419

channel, 439

natural, 446

constant slope, 451

cubic, 38, 257, 433, 530,
563, 577

cyclic, 530, 576

degree d, 568

degree 8, 581

degree 4, 513, 515, 518, 530,
573, 575

degree 3, 38, 257, 433, 530,
563, 577

degree 2n, 584

degree 2, 92

developable, 33

dual, 433

focal, 418

Fresnel’s, 515

helical, 416

Kummer’s, 513

LN, 432

Müller’s, 566

multifocal, 579, 584

normal, 418, 438, 470, 508

of normals, 79

of translation, 58

offset, 448

parallel, 451

quartic, 513, 516, 530, 573,
575, 576

revolution, 422, 440

ruled, 27, 32, 53, 398, 416,
493

Steiner’s, 573

tangent, 495

conjugate, 449

Sylvester’s law of inertia, 161

symmetric bilinearform, 40

symmetry, affine, 152

T
tangent, 184, 207, 236, 368, 443

asymptotic, 413

complex, 502

ell. paraboloid, 502

ellipsoid, 502

hyperb. paraboloid, 502

instantaneous, 506

one-sh. hyperboloid, 502

quadric, 502

two-sh. hyperboloid, 502
cone

ellipsoid, 20

quadric, 142

conic, 498, 501

cubic, 184, 185, 207, 226,
234, 235, 246, 259

cylinder, ellipsoid, 20

developable, 230

focal conic, 282

hyperplane, 159, 552

M
4

2
, 495

plane, 143, 392, 420, 423,
435, 508, 574

cone, 258

curve, 229

quadric, 141

principal curvature, 420

proper, 282

quadric, 142, 502

surface, 33, 230, 399

tangential

equation

ellipsoid, 16

hyperboloid, 41

paraboloid, 60

quadric, 141

hyperplane, 483, 490

Taylor series, 216, 384, 543

tensor product, 364

alternating, 487

tetrahedral compl., 507, 509, 511

tetrahedron, 50, 125, 145

Möbius, 318

orthocentric, 50

osculating, 226

polar, 145, 184, 191

regular, 581

self-polar, 145, 154, 191

Theorem of

Bézout, 213

Brianchon, 51
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606 Index

Ceva, 148

Desargues, 127

Enneper, 460, 462

Gauss, 307

Ivory, 306

Malus and Dupin, 339

Menelaos, 148

Pappus, 127

Pascal, 51

Thales, 51

spatial, 50

thorn

cyclide, 204, 531, 532

torus, 204

three-param. fam. of circles, 562

three-web, 169

timelike, 455, 529

top view, 28, 30, 66, 173, 238, 252,
265, 273, 331, 396,
454

torsal
generator, 32

ruled surface, 387

torsion, 216, 444

torus, 175, 203, 256, 531

ring-shaped, 203, 257

spindle-shaped, 203

thorn-shaped, 203

totally orthogonal, 93

trace, 25

trajectory, 331

orthog., 373, 388, 407, 409

transformation

affine, 152

conformal, 526

Cremona, 206

equiform, 504, 526

Laguerre, 529

Lie, 529

linear rational, 245

matrix, 94, 123, 525, 550

Möbius, 529

or.-preserving, 533, 534

or.-reversing, 533

orthogonal, 534

translation, 204, 295, 486, 487,
525, 526, 548, 551

curve, 86

elliptic, 171

hyperbolic, 167

uniform, 416

triality, 476, 554

triangle, 125

triaxial, 418

hyperboloid, 408

quadric, 385

trilateration, 316

triple point, 266, 273, 274

triplet conj. diameters, 153

triply orthogonal system, 202, 286

trisecant, 270

trochoid motion, 464

two-parameter family

conics, 562

spheres, 448

U
umbilic, 44, 62, 84, 468, 574

ellipsoid, 14, 514

hyperboloid, 44

point, 282, 307

undulation point, 266, 271

uniaxial collineation, 136, 152

unit

circle, 99, 243

cylinder, 99

point, 124, 131

n-space, 158

coordinatization, 124

quaternion, 536, 537, 540

dual, 550

sphere

dual, 543, 546

empty, 175

Euclidean, 546, 573

vector, 92, 526

dual, 543, 545

V
Vandermonde matrix, 211

vanishing

line, 504, 505

plane, 375

point, 504, 505

vector

direction, 478

dual, 549

momentum, 478

quaternion, 538

space, 124

model, 122, 124

unit, 92, 526

velocity vector field, 486, 505

Veronese

mapping, 180

variety, 180

Veronese, Guiseppe, 180

vertex, 570

central quadric, 10

cone, 452, 554

generator, 55, 87

hyp. paraboloid, 55

hyp. parab., 361, 363, 364

non-real, 113

parabola, 113

paraboloid, 10

pencil of lines, 120

pencil of planes, 120

quadric, 108, 361

view

edge, 76, 443

front, 28, 30, 173, 443, 531

oblique, 18

orthogonal, 18, 23, 293

principal, 215, 252, 256,
265, 390, 433

top, 28, 30, 173, 329

Villarceau circle, 174

visual contour, 274, 293

Viviani’s curve, 254, 256, 257, 263

Viviani, Vincenzo, 254

volume, 24

v. Staudt’s definition, 141

W
Weierstrass representation, 572

Whiteley, Walter, 316

Whitney umbrella, 433

Wiener, Herm. Ludw. Gustav, 80

Woodbury matrix identity, 193

World Geodetic System, 15

Wren, Christopher, 27

Z
zero function, 97
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